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MORSE–BOTT SPLIT SYMPLECTIC HOMOLOGY
LUI´S DIOGO AND SAMUEL T. LISI
Abstract. We introduce a chain complex associated to a Liouville domain
pW,dλq whose boundary Y admits a Boothby–Wang contact form (i.e. is a
prequantization space). The differential counts Floer cylinders with cascades
in the completion W of W , in the spirit of Morse–Bott homology [Bou02,
Fra04, BO09b]. The homology of this complex is the symplectic homology of
W [DL18].
Let X be obtained from W by collapsing the boundary Y along Reeb
orbits, giving a codimension 2 symplectic submanifold Σ. Under monotonicity
assumptions on X and Σ, we show that for generic data, the differential in our
chain complex counts elements of moduli spaces of cascades that are transverse.
Furthermore, by some index estimates, we show that very few combinatorial
types of cascades can appear in the differential.
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2 LUI´S DIOGO AND SAMUEL T. LISI
1. Introduction and statement of main results
In this paper we define Morse–Bott split symplectic homology theory for Liouville
manifolds W of finite-type whose boundary Y “ BW is a prequantization space.
This is inspired by the construction of Bourgeois and Oancea for positive symplectic
homology, SH` [BO09a]. Our main result is that we obtain transversality for all
the relevant moduli spaces and thus have a well-defined theory. This is obtained
by means of generic choice of the geometric data, as opposed to using abstract
perturbations. This is an important preliminary step in the computation of this
chain complex in [DL18]. Furthermore, in [DL18], we justify that the homology of
this complex is indeed the symplectic homology of W .
The main purpose of this definition of a split version of symplectic homology is
to enable computations in certain examples. For instance, we expect to be able
to compute symplectic homology for completions W of XzΣ, where both X and
Σ are smooth projective complete intersections. Many of these examples fit in our
framework and additionally enough is known about their Gromov–Witten invariants
for the computation to be possible.
In the following, we consider a 2n–dimensional Liouville domain pW,dλq with
BW “ Y . Denoting by α “ λ|Y the contact form on the boundary induced by
the Liouville form λ, we require that α is a Boothby–Wang contact form, i.e. its
Reeb vector field induces a free S1 action. Such a contact manifold is also called a
prequantization space. We let Σ2n´2 denote the quotient by the Reeb vector field,
and we note that dα descends to a symplectic form ωΣ on the quotient. It follows
that there exists a closed symplectic manifold pX,ωq for which Σ is a codimension
2 symplectic submanifold, Poincare´ dual to a multiple of ω, with the property
that pXzΣ, ωq is symplectomorphic to pW zY, dλq. See Proposition 2.1 for a more
detailed description of this, or see [Gir18, Proposition 5]. We can think of X as the
symplectic cut of W along Y .
We let pW,dλq be the completion of W , obtained by attaching a cylindrical end
R` ˆ Y , and take a Hamiltonian H : R ˆ Y Ñ R with a growth condition (see
Definition 3.1 for details). This Hamiltonian will have Morse–Bott families of 1-
periodic orbits, and we then use the formalism of cascades (similar in style to the
Morse–Bott theories of [Bou02, Fra04, HN17]) in order to construct a Morse–Bott
Floer homology associated to H, but we also consider configurations that interact
between Rˆ Y and W , as in [BO09a].
In Section 3 we introduce the chain complex for split symplectic homology, and
in Section 4 we describe the moduli spaces that are relevant for the differential. The
chain complex will be generated by critical points of auxiliary Morse functions asso-
ciated to our Morse–Bott manifolds of orbits. The differential will be obtained from
moduli spaces of Floer cylinders with cascades together with asymptotic boundary
conditions given in terms of the auxiliary Morse functions.
We then prove three main results. The first is a transversality theorem for
“simple cascades”. These are elements of the relevant moduli spaces that are also
somewhere injective when projected to Σ. This result holds without any mono-
tonicity assumptions. A more precise formulation is provided in Proposition 5.9:
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Theorem 1.1. Simple Floer cylinders with cascades in W and RˆY are transverse
for a co-meagre set of compatible, Reeb-invariant and cylindrical almost complex
structures on pW,dλq.
Theorem 1.1 builds on a transversality theorem for moduli spaces of spheres in
X and in Σ, which may be of independent interest. This construction is somewhat
analogous to the strings of pearls that Biran and Cornea study in the Lagrangian
case [BC09]. Our result builds essentially on results from [MS04]. A more precise
formulation is given in Proposition 5.26:
Theorem 1.2. For a generic compatible almost complex structure, moduli spaces
of somewhere injective spheres in Σ and of somewhere injective spheres in X with
order-of-contact constraints at Σ, connected by gradient trajectories, are transverse
assuming no two spheres have the same image.
The third result builds on these two to describe the moduli spaces that are
relevant under suitable monotonicity assumptions on X and Σ. In particular, the
differential is computed from only four types of simple cascades. See Propositions
6.2 and 6.3 for more details.
Theorem 1.3. Assume that pX,ωq is spherically monotone with monotonicity con-
stant τX and assume that Σ Ă X is Poincare´ dual to Kω with τX ą K ą 0.
Then, the split Floer homology of W is well-defined, and does not depend on
the choice of Hamiltonian or of compatible, Reeb–invariant and cylindrical almost
complex structure on W (in a co-meagre set of such almost complex structures).
The only moduli spaces of split Floer cylinders with cascades that count in the
differential are the following:
(0) Morse trajectories in Y or in W ;
(1) Floer cylinders in RˆY , projecting to non-trivial spheres in Σ, and with asymp-
totics constrained by descending/ascending manifolds of critical points in Y ;
(2) holomorphic planes in W that converge to a generic Reeb orbit in Y ;
(3) holomorphic planes in W constrained to have a marked point in the descending
manifold of a Morse function in W and whose asymptotic limit is constrained
by the auxiliary Morse function on the manifold of orbits in Y .
We remark that Cases (2) and (3) are non-trivial cascades, but their components
in RˆY lie in fibres of RˆY Ñ Σ. This is formulated more precisely in Propositions
6.2 and 6.3. See Figures 6.1, 6.2 and 6.3 for a depiction of Cases (1)-(3).
The paper concludes with a discussion of orientations of the moduli spaces of
cascades contributing to the differential, in Section 7.
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2. Set–up
We now provide details of the classes of Liouville manifolds for which we prove
transversality in split Floer homology.
We begin by summarizing some constructions from [DL18], specifically
Proposition 2.1 ([DL18, Lemma 2.2]). Let pW,dλq be a Liouville domain with
boundary Y “ BW . Assume that α :“ λ|Y has a Reeb vector field generating a free
S1 action.
Then, if Σ is the quotient of Y by the S1 action, and ωΣ is the symplectic form
induced from dα, there exists a symplectic manifold pX,ωq with Σ Ă X so that
ω|Σ “ ωΣ, with the following properties:
(i) pXzΣ, ωq is symplectomorphic to pW zBW,dλq;
(ii) rΣs P H2n´2pX;Qq is Poincare´ dual to rKωs P H2pX;Qq for some K ą 0;
(iii) if NΣ denotes the symplectic normal bundle to Σ in X, equipped with a Her-
mitian structure (and hence symplectic structure), there exist a neighbourhood
U of the 0-section in NΣ and a symplectic embedding ϕ : U Ñ X. By shrinking
U as necessary, we may arrange that ϕ extends to an embedding of U .
Definition 2.2. Let X,ω,Σ, ωΣ and NΣ be as in Proposition 2.1.
Fix a Hermitian line bundle structure on the symplectic normal bundle pi : NΣ Ñ
Σ. A Hermitian connection on NΣ can be encoded in terms of a connection 1-form
Θ P Ω1pNΣzΣq with the property that dΘ “ ´Kpi˚dωΣ. Fix such a Hermitian
connection 1-form Θ.
Since NΣ is a Hermitian line bundle, we have the action of Up1q on the bundle
by rotation in the C–fibres. The infinitesimal generator of this action is a vector
field on which Θ evaluates to 1.
Let ρ : NΣ Ñ r0,`8q denote the norm in NΣ measured with respect to the
Hermitian metric. Then, for each x P NΣzΣ, let ξx “ pker Θx X ker dρq Ă TxNΣ.
We may then extend the distribution ξx smoothly to the 0-section by definining
ξx “ TxΣ if x P Σ.
Notice that this gives a splitting TxNΣ “ ker dpi ‘ ξx and dpi|ξ : ξx Ñ TpipxqΣ is
a symplectic isomorphism.
Any almost complex structure JΣ on Σ then can be lifted to an almost complex
structure on NΣ by taking it to be the linearization of the bundle complex structure
on ker dpi and to be the pull-back of JΣ to ξx by the isomorphism dpi : ξx Ñ TpipxqΣ.
We refer to any almost complex structure obtained in this way as a bundle almost
complex structure on NΣ.
Define the open set V “ XzϕpUq. We will later perturb our almost complex
structures in V.
Proposition 2.3 ([DL18, Lemma 2.6]). Let W , Y , λ, α, X, Σ and ϕ : U Ñ X be
as in Proposition 2.1.
Then, there exists a diffeomorphism ψ : W Ñ XzΣ with the following properties:
(i) if JX in a compatible almost complex structure on X that restricts to ϕpUq
as the push-forward by ϕ of a bundle almost complex structure, then ψ˚JX
is a compatible almost complex structure on W that is cylindrical and Reeb–
invariant on W zW ;
(ii) if JW is a compatible almost complex structure on W , cylindrical and Reeb
invariant on W zW , then the pushforward ψ˚JW extends to an almost complex
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structure JX on X and JΣ :“ JX |Σ is also given by restricting JW to a parallel
copy of tcuˆY for some c ą 0, and taking the quotient by the Reeb S1 action.
Furthermore, ψ may be taken to be radial, in the sense that for pr, yq P rr0,`8qˆY
in the cylindrical end of W , r0 sufficiently large, then ψpr, yq “ pρprq, yq P NΣzΣ.
Note that the diffeomorphism ψ is not symplectic.
In Section 6.1, we impose additional conditions of monotonicity. These will also
be relevant for the grading given in Definition 3.4.
Definition 2.4. Given a symplectic manifold pX2n, ωq and a codimension-2 sym-
plectic submanifold Σ2n´2 Ă X, say that pX,Σ, ωq is a monotone triple if
(i) X is spherically monotone: there exists a constant τX ą 0 so that for each
spherical homology class A P HS2 pXq, ωpAq “ τXxc1pTXq, Ay;
(ii) rΣs P H2n´2pX;Qq is Poincare´ dual to rKωs for some K ą 0 with τX ą K.
In this case, we write ωΣ “ ω|Σ.
Observe that Condition (ii) is automatically verified if rΣs is Poincare´ dual to
rKωs and is non–trivially spherically monotone. In that case, τX ´K is then the
monotonicity constant of pΣ, ωΣq, which we denote by τΣ.
We then obtain the following useful characterization of JW –holomorphic planes
in W (see also [HK99]):
Lemma 2.5 ([DL18, Lemma 2.6]). Under the diffeomorphism of Proposition 2.3,
finite energy JW –holomorphic planes in W correspond to JX–holomorphic spheres
in X with a single intersection with Σ. The order of contact gives the multiplicity
of the Reeb orbit to which the plane converges.
Proof. Under the map ψ, a finite energy JW –plane in W gives a JX–plane in XzΣ.
By the fact that ψ is radial, the restriction of ψ˚λ to the cylindrical end rr0,`8qˆY
takes the form gprqα for some function g with g1 ą 0 and limrÑ8 gprq “ 1. It follows
then that the integral of ψ˚dλ over the plane is dominated by its Hofer energy as
given in [BEH`03, Section 5.3]. Hence, the image of the plane under the map is a
plane in XzΣ with finite ω–area.
It follows then that the singularity at 8 is removable by Gromov’s removal of
singularities theorem, and thus the plane admits an extension to a JX–holomorphic
sphere. The order of contact follows from considering the winding around Σ of a
loop near the puncture. 
We now formalize the class of almost complex structures that will be relevant
for this paper.
Definition 2.6. An admissible almost complex structure JX on X is compatible
with ω and its restriction to ϕpUq is the push-forward by ϕ of a bundle almost
complex structure on NΣ.
An almost complex structure JW on pW,dλq is admissible if JW “ ψ˚JX for an
admissible JX . In particular, such almost complex structures are cylindrical and
Reeb-invariant on W zW .
A compatible almost complex structure JY on the symplectization R ˆ Y is
admissible if JY is cylindrical and Reeb–invariant.
In the following, we will identify W with XzΣ by means of the diffeomorphism ψ
and identify the corresponding almost complex structures. By an abuse of notation,
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we will both write piΣ : Y Ñ Σ to denote the quotient map that collapses the Reeb
fibres, and piΣ : R ˆ Y Ñ Σ to denote the composition of this projection with the
projection to Y .
Definition 2.7. Denote the space of almost complex structures in Σ that are
compatible with ωΣ by JΣ.
Let JY denote the space of admissible almost complex structures on R ˆ Y .
Then, the projection dpiΣ induces a diffeomorphism between JY and JΣ.
Let JW denote the space of admissible almost complex structures on W . By
Proposition 2.3, for any JW P JW , we obtain an almost complex structure JΣ.
Denote this map by P : JW Ñ JΣ. This map is surjective and open by Propo-
sition 2.3. For any given JΣ P JΣ, P´1pJΣq consist of almost complex structures
on W that differ in W , or equivalently, can be identified (using ψ) with almost
complex structures on X that differ in V “ XzϕpUq.
3. The chain complex
We will now describe the chain complex for the split symplectic homology asso-
ciated to W .
Definition 3.1. Let h : p0,`8q Ñ R be a smooth function with the following
properties:
(i) hpρq “ 0 for ρ ď 2;
(ii) h1pρq ą 0 for ρ ą 2;
(iii) h1pρq Ñ `8 as ρÑ8;
(iv) h2pρq ą 0 for ρ ą 2;
An admissible Hamiltonian H : R ˆ Y Ñ R is given by Hpr, yq “ hperq. Since
this Hamiltonian Hpr, yq “ 0 for all r ď ln 2, we will also take H “ 0 on W when
considering cascades with components in W . See Figure 3.1.
er “ ρ
hperq
bk
´Apγkq
Figure 3.1. An admissible Hamiltonian and the graphical proce-
dure for computing the action of a periodic orbit
Since ω “ dper αq on R` ˆ Y , the Hamiltonian vector field associated to H is
h1perqR, where R is the Reeb vector field associated to α. The fibres of Y Ñ Σ are
periodic Reeb orbits. Their minimal periods are T0 :“
ş
pi´1Σ ppq α, for p P Σ. The
1-periodic orbits of H are thus of two types:
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(1) constant orbits: one for each point in W and at each point in p´8, log 2sˆ
Y Ă Rˆ Y ;
(2) non-constant orbits: for each k P Z`, there is a Y -family of 1-periodic XH -
orbits, contained in the level set Yk :“ tbku ˆ Y , for the unique bk ą log 2
such that h1pebkq “ kT0. Each point in Yk is the starting point of one such
orbit.
Remark 3.2. Notice that these Hamiltonians are Morse–Bott non-degenerate except
at tlog 2u ˆ Y . These orbits will not play a role because they can never arise as
boundaries of relevant moduli spaces (see [DL18, Lemma 4.8]).
Recall that a family of periodic Hamiltonian orbits for a time-dependent Hamil-
tonian vector field is said to be Morse–Bott non-degenerate if the connected com-
ponents of the space of parametrized 1-periodic orbits form manifolds, and the
tangent space of the family of orbits at a point is given by the eigenspace of 1
for the corresponding Poincare´ return map. (Morse non-degeneracy requires the
return map not to have 1 as an eigenvalue and hence such periodic orbits must be
isolated.)
We also fix some auxiliary data, consisting of Morse functions and vector fields.
Fix throughout a Morse function fΣ : Σ Ñ R and a gradient-like vector field ZΣ P
XpΣq, which means that 1c |dfΣ|2 ď dfΣpZΣq ď c|dfΣ|2 for some constant c ą 0.
Denote the time-t flow of ZΣ by ϕ
t
ZΣ
. Given p P CritpfΣq, its stable and unstable
manifolds (or ascending and descending manifolds, respectively) are
(3.1) W sΣppq :“
!
q P Σ| lim
tÑ8ϕ
´t
ZΣ
pqq “ p
)
,WuΣppq :“
"
q P Σ| lim
tÑ´8ϕ
´t
ZΣ
pqq “ p
*
.
Notice the sign of time in the flow, so that these are the stable/unstable manifolds
for the flow of the negative gradient. We further require that pfΣ, ZΣq be a Morse–
Smale pair, i.e. that all stable and unstable manifolds of ZΣ intersect transversally.
The contact distribution ξ defines an Ehresmann connection on the circle bundle
S1 ãÑ Y Ñ Σ. Denote the horizontal lift of ZΣ by piΣ˚ZΣ P XpY q. We fix a Morse
function fY : Y Ñ R and a gradient-like vector field ZY P XpY q such that pfY , ZY q
is a Morse–Smale pair and the vector field ZY ´ piΣ˚ZΣ is vertical (tangent to the
S1-fibres). Under these assumptions, flow lines of ZY project under piΣ to flow lines
of ZΣ.
Observe that critical points of fY must lie in the fibres above the critical points
of fΣ (and these are zeros of ZY and ZΣ respectively). For notational simplicity,
we suppose that fY has two critical points in each fibre. In the following, given a
critical point for fΣ, p P Σ, we denote the two critical points in the fibre above p
by p and qp, the fibrewise maximum and fibrewise minimum of fY , respectively.
We will denote by Mppq the Morse index of a critical point p P Σ of fΣ, and by
M˜pp˜q “ Mppq ` ipp˜q the Morse index of the critical point p˜ “ p or p˜ “ qp of fY .
The fibrewise index has ippq “ 1 and ipqpq “ 0.
Fix also a Morse function fW and a gradient-like vector field ZW on W , such that
pfW , ZW q is a Morse–Smale pair and ZW restricted to r0,8q ˆ Y is the constant
vector field Br, where r is the coordinate function on the first factor. We denote also
by pfW , ZW q the Morse–Smale pair that is induced on XzΣ by the diffeomorphism
in Lemma 2.5. Denote by Mpxq the Morse index of x P CritpfW q with respect to
fW .
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We now define the Morse–Bott symplectic chain complex of W and H. Recall
that for every k ą 0, each point in Yk :“ tbku ˆ Y Ă R` ˆ Y is the starting point
of a 1-periodic orbit of XH , which covers k times its underlying Reeb orbit.
For each critical point p˜ “ p or p˜ “ qp of fY , there is a generator corresponding
to the pair pk, p˜q. We will denote this generator by p˜k. The complex is then given
by:
(3.2) SC˚pW,Hq “
˜à
ką0
à
pPCritpfΣq
Zxqpk, pky¸‘˜ à
xPCritpfW q
Zxxy
¸
Definition 3.3. The Hamiltonian action of a loop γ : S1 Ñ Rˆ Y is
Apγq “
ż
γ˚pλ´Hdtq.
In particular, Apγq “ 0 for any constant orbit γ, and for any orbit γk P Yk we
have
(3.3) Apγkq “ ebk h1pebkq ´ hpebkq ą 0,
where bk is the unique solution to the equation h
1pebkq “ kT0, as above. The action
of γk is the negative of the y-intercept of the tangent line to the graph of h at e
bk .
See Figure 3.1. The convexity of h implies that Apγkq is monotone increasing in k.
3.1. Gradings. We will now define the gradings of the generators. For this, we
will assume that pX,Σ, ωq is a monotone triple as in Definition 2.4.
Definition 3.4. For a critical point rp of fY , and a multiplicity k, we define
(3.4) |rpk| “ M˜prpq ` 1´ n` 2τX ´KK k P R,
where we recall that τX is the monotonicity constant of X and c1pNΣq “ rKωΣs.
For a critical point x of fW , we define
(3.5) |x| “ n´Mpxq.
Finally, for convenience, we introduce an index similar to the SFT grading for the
Reeb orbits to which a split Floer cylinder converges at augmentation punctures.
If γ is such a Reeb orbit, it is a k-fold cover of a fibre of Y Ñ Σ for some k. We
then define its index to be:
(3.6) |γ|0 “ ´2` 2
ˆ
τX ´K
K
˙
k.
The justifications of these gradings comes from analyzing the Conley–Zehnder
indices of the 1-periodic Hamiltonian orbits. These are defined for Morse non-
degenerate Hamiltonian/Reeb orbits, using a trivialization of TW or of T pRˆ Y q
over the orbit. See Definition 5.19 for the Morse–Bott analogue, and also [AM16,
Section 3; Gut14]. The first key observation is that the Conley–Zehnder index of
an orbit only depends on the trivialization of the complex line bundle L :“ ΛnCTW
over the orbit.
For a constant orbit, we may take a constant trivialization, and applying Def-
inition 5.19, we obtain the Conley–Zehnder index of the constant orbit to be
´n` p2n´Mpxqq “ n´Mpxq.
A non-constant orbit γ in R ˆ Y projects to a point in Σ. From this, we may
take a “constant” trivialization of γ˚ξ by taking the horizontal lift of a constant
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trivialization of TpipγqΣ. Then, by considering the linearized Hamiltonian flow in
the vertical direction, we obtain the Conley–Zehnder index of the corresponding
generator rpk to be
(3.7) CZ0prpkq “ M˜prpq ` 1´ n.
The Conley–Zehnder index is computed by using the splitting of T pR ˆ Y q “
pR‘RRq‘ ξ. The contribution to the index is given by iprpq in the vertical R‘RR
direction, and by Mppq` 1´n in the horizontal ξ direction. Notice that this index
does not explicitly depend on the covering multiplicity k of the orbit.
Notice also that Y may be capped off by the normal disk bundle over Σ, and
each orbit bounds a disk fibre. The trivialization induced by the fibre differs from
the constant trivialization only in a k-fold winding in the RBr ‘RR direction. The
resulting Conley–Zehnder index of rpk for this trivialization induced by the disk
fibre is then M˜prpq` 1´n´ 2k. We refer to this trivialization as the normal bundle
trivialization.
Now, suppose that γk is the k–fold cover a simple Reeb orbit γ, and suppose it is
contractible in W . Denote by 9B a disk in W whose boundary is γk. As we pointed
out, γk is also the boundary of a k-fold cover of a fibre of the normal bundle to
Σ in X. This cover of a fibre can be concatenated with 9B to produce a spherical
homology class B P HS2 pXq such that the intersection B ‚ Σ “ k ą 0. Conversely,
note that any B P HS2 pXq such that B ‚ Σ “ k gives rise to a disk 9B bounding
γk. The complex line bundle L| 9B is trivial, since 9B is a disk. This induces a
trivialization of L over γk, which can be identified with a trivialization of L
bk over
γ. We refer to this as the trivialization induced by 9B.
The relative winding of the trivialization of L over γk induced by 9B and the
normal bundle trivialization considered above is given by xc1pLq, By, since this
represents the obstruction to extending the trivialization of L over 9B to all of B.
Recall that c1pLq “ c1pTXq.
Putting this together, we obtain that the Conley–Zehnder index of the orbit with
respect to the trivialization induced by the disk 9B is given by
(3.8) CZWH prpkq “ M˜prpq ` 1´ n´ 2k ` 2xc1pTXq, By.
Finally, we obtain the grading from Equation (3.4) by using the spherical mono-
tonicity of X and the fact that k “ B ‚ rΣs “ KωpBq.
CZWH prpkq “ M˜prpq ` 1´ n` 2pτX ´KqωpBq
“ M˜prpq ` 1´ n` 2ˆτX ´K
K
˙
k.
Note that this expression does not depend on the choice of spherical class B.
This formula holds when k P ωppi2pXqq, and we extend it as a fractional grading
for all k P Z. (This corresponds to the fractional SFT grading from [EGH00, Section
2.9.1].)
Finally, we compare our gradings with those described by Seidel [Sei08] and
generalized by McLean [McL16] (the latter considers Reeb orbits, but there is an
analogous construction for Hamiltonian orbits) in the case that c1pTW q P H2pW ;Zq
is torsion, so Nc1pTW q “ 0 for a suitable choice of N ą 0. Note that in our setting,
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this holds if X is monotone (and not just spherically monotone) and Σ is Poincare´
dual to a multiple of ω.
First, we describe the Seidel–McLean approach. Recall that L “ ΛnTW . We
choose a global trivialization of LbN over W . This exists since c1pLq is N -torsion
in H2pW ;Zq. Then, for any orbit γ, we consider the (complex) rank nN bundle
over γ given by γ˚TW ‘ ¨ ¨ ¨ ‘ γ˚TW . Denote this by γ˚pTWN q. Notice that
the determinant of this bundle is precisely γ˚pLbN q and thus has a trivialization
already chosen. We now choose any trivialization of TWN whose determinant
matches the trivialization of γ˚pLbN q. For any such trivialization, the linearized
flow dφt‘dφt‘¨ ¨ ¨‘dφt : TWN Ñ TWN gives a path of symplectic matrices. This
gives a a Conley–Zehnder index, which we denote by CZLbN pγq. Notice that this
Conley–Zehnder index depends only on the trivialization of LbN and not on the
further trivialization of TWN . The Seidel–McLean grading is then defined to be
SMpγq “ 1
N
CZLbN pγq.
We now observe some immediate consequences of this construction. First of all,
given a null-homologous orbit in W , a capping surface induces a trivialization of L
over the orbit, unique up to homotopy, namely a trivialization that extends across
the surface. This implies that there is a homotopically unique trivialization of LbN
over the orbit, hence the Seidel–McLean grading matches the Conley–Zehnder index
induced by the trivialization coming from the capping surface, for null-homologous
orbits. (Notice that because c1pLq is torsion, it doesn’t matter which surface we
use.) Thus, if γ is an orbit such that γk bounds a disk 9B, (as discussed above, see
notably Equation (3.8)),
CZWH prpkq “ SMprpkq.
We now consider an orbit γm that is an m-fold cover of a simple orbit γ. We
may trivialize TW over γ by the constant trivialization discussed previously. This
induces a trivialization of L over γ. By taking the N -fold tensor power, we obtain
a trivialization of LbN over γ. This has some winding w P Z relative to the
reference trivialization of LbN over all of W (used above to define the Seidel–
McLean grading). Under iteration of the orbit, we obtain a relative winding of mw
between the constant trivialization and the reference trivialization. From this, we
obtain
N CZ0ppmq “ CZLbN pγmq ` 2mw
Now, it follows from this that
CZWH prpmq “ CZ0prpmq ` 2ˆτX ´KK
˙
m
“ SMprpmq ` 2ˆτX ´KK ` wN
˙
m.
As previously observed, CZWH and SM are equal whenever m is in the image of
c1pTXq : pi2pXq Ñ Z, so it follows that
CZWH prpmq “ SMprpmq
for all m, as claimed.
The index (3.6) of the Reeb orbit was introduced for convenience in writing
formulas for expected dimensions of moduli spaces. It comes from similar consid-
erations for the Conley–Zehnder index of the Reeb orbit, together with the n ´ 3
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shift coming from the grading of SFT. In particular, the Fredholm index for an
unparametrized holomorphic plane in W asymptotic to the closed Reeb orbit γ0
(free to move in its Morse–Bott family) will be given by |γ0|.
Remark 3.5. Even though the idea of a fractional grading may seem unnatural at
first, it can be thought of as a way of keeping track of some information about the
homotopy classes of the Hamiltonian orbits.
Indeed, there can only be a Floer cylinder connecting two Hamiltonian orbits
if the difference of their degrees is an integer. Hence, one could write the sym-
plectic homology as a direct sum indexed by the fractional parts of the degrees.
Alternatively, one could also decompose it as a direct sum over homotopy classes
of Hamiltonian orbits, as done for instance in [BO09b].
4. Split symplectic homology moduli spaces
In this section, we describe the moduli spaces of cascades that contribute to the
differential in the Morse–Bott split symplectic homology of W .
We also define auxiliary moduli spaces of spherical “chains of pearls” in Σ and
in X. (These are familiar objects, reminiscent of ones considered in the literature
for Floer homology of compact symplectic manifolds [BC09,Oh96,PSS96].)
4.1. Split Floer cylinders with cascades. We now identify the moduli spaces
of split Floer cylinders with cascades we use to define the differential on the chain
complex (3.2).
First, we define the basic building blocks: split Floer cylinders. We consider two
types of basic split Floer cylinders: one connecting two non-constant 1-periodic
Hamiltonian orbits and one that connects a non-constant 1-periodic orbit to a
constant one (in W ).
Notice that we may identify a 1-periodic orbit of H with its starting point, and
in this way, we have an identification between Yk and the set of (parametrized)
1-periodic orbits of H that have covering multiplicity k over the underlying simple
periodic orbit.
Definition 4.1. Let x˘ P Yk˘ be 1-periodic orbits of XH in R ˆ Y . A split
Floer cylinder from x´ to x` consists of a map v˜ “ pb, vq : R ˆ S1zΓ Ñ R ˆ Y ,
where Γ “ tz1, . . . , zku Ă Rˆ S1 is a (possibly empty) finite subset, together with
equivalence classes rUis of JW -holomorphic planes Ui : C Ñ W for each zi P Γ,
such that
‚ v˜ satisfies Floer’s equation
(4.1) Bsv˜ ` JY pBtv˜ ´XHpv˜qq “ 0;
‚ limsÑ˘8 v˜ps, .q “ x˘;
‚ if Γ ‰ H, then, for conformal parametrizations ϕi : p´8, 0s ˆ S1 Ñ R ˆ
S1ztz1, . . . , zku of neighborhoods of the zi, limsÑ´8 v˜pϕips, .qq “ p´8, γip.qq,
where the γi are periodic Reeb orbits in Y ;
‚ for each Reeb orbit γi above, Ui : C Ñ W is asymptotic to p`8, γiq. We
consider Ui up to the action of AutpCq.
Call v˜ the upper level of the split Floer cylinder.
See Figures 6.1 and 6.2 for an illustration (ignore the horizontal segments in the
figures, which represent gradient flow lines).
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Definition 4.2. Let x` P Yk` for some k`, and let x´ PW . A split Floer cylinder
from x´ to x` consists of v˜1 “ pb, vq : RˆS1zΓ Ñ RˆY (where Γ “ tz1, . . . , zku Ă
RˆS1 is a (possibly empty) finite subset), v˜0 : RˆS1 ÑW , and equivalence classes
rUis of JW -holomorphic planes Ui : CÑW for each zi P Γ, such that
‚ v˜1 solves equation (4.1);
‚ v˜0 is JW –holomorphic;
‚ limsÑ`8 v˜1ps, .q “ x`;
‚ limsÑ´8 v˜1ps, .q “ p´8, γp¨qq, for some Reeb orbit γ in Y ;
‚ limsÑ`8 v˜0ps, .q “ p`8, γp¨qq, where γ is the same Reeb orbit;
‚ limsÑ´8 v˜0ps, .q “ x´;
‚ if Γ ‰ H, then, for conformal parametrizations ϕi : p´8, 0s ˆ S1 Ñ R ˆ
S1ztz1, . . . , zku of neighborhoods of the zi, limsÑ´8 v˜pϕips, .qq “ p´8, γip.qq,
where the γi are periodic Reeb orbits in Y ;
‚ for each Reeb orbit γi above, Ui : C Ñ W is asymptotic to p`8, γiq. We
consider Ui up to the action of AutpCq.
Call v˜1 the upper level of this split Floer cylinder.
See Figure 6.3 for an illustration.
For the upper levels of split Floer cylinders in RˆY , we introduce a suitable form
of energy, a hybrid between the standard Floer energy and the Hofer energy used in
symplectizations. Recall that the Hofer energy of a punctured pseudoholomorphic
curve u˜ in the symplectization of Y with contact form α is given by:
supt
ż
u˜˚dpψαq |ψ : RÑ r0, 1s smooth and nondecreasingu.
In a symplectic manifold either compact or convex at infinity, the standard Floer
energy of a cylinder v˜ : Rˆ S1 ÑW is given byż
v˜˚ω ´ v˜˚dH ^ dt.
In our situation, however, the target manifold is Rˆ Y , which has a concave end.
We therefore need to combine these two types of energy.
Definition 4.3. Consider a Hamiltonian H : R ˆ Y Ñ R so that dH has support
in rR,8q ˆ Y , for some R P R.
Let ϑR be the set of all non-decreasing smooth functions ψ : R Ñ r0,8q such
that ψprq “ er for r ě R.
The hybrid energy ER of v˜ : Rˆ S1zΓ Ñ Rˆ Y solving Floer’s equation (4.1) is
then given by:
(4.2) ERpv˜q “ sup
ψPϑ
ż
RˆS1
v˜˚ pdpψαq ´ dH ^ dtq .
Notice that this is equivalent to partitioning Rˆ S1zΓ “ S0 Y S1, so that S0 “
v˜´1prR,`8q ˆ Y q and S1 “ SzS0. Then, v˜ has finite hybrid energy if and only if
v˜|S0 has finite Floer energy and v˜|S1 has finite Hofer energy.
Equivalently, v˜ has finite hybrid energy if and only if the punctures t˘8uYΓ can
be partitioned into ΓF and ΓC (with `8 P ΓF , Γ Ă ΓC and ´8 either in ΓF or in
ΓC), such that in a neighbourhood of each puncture in ΓF , the map v˜ is asymptotic
to a Hamiltonian trajectory and in a neighbourhood of each puncture in ΓC , the
map is proper and negatively asymptotic to an orbit cylinder in RˆY . This follows
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from a variation on the arguments in [BEH`03, Proposition 5.13, Lemma 5.15]. We
will use the following notation to denote the Hamiltonian orbits to which such a
punctured cylinder v˜ is asymptotic:
v˜p`8, tq “ lim
sÑ8 v˜ps, tq
v˜p´8, tq “ lim
sÑ´8 v˜ps, tq if ´8 P ΓF .
Instead, if ´8 P ΓC , we will write vp´8, tq “ limsÑ´8 vps, tq for the Reeb orbit
in Y that the curve converges to. Notice that since the cylinder is parametrized,
the asymptotic limit is parametrized as well. Since there is an ambiguity of the S1
parametrization of the Reeb orbits to which v is asymptotic at punctures z P Γ, we
will avoid using the analogous notation at punctures in Γ.
We now define a split Floer cylinder with cascades between two generators of the
chain complex (3.2).
Definition 4.4. Fix N ě 0. Let S0, S1, . . . , SN be a collection of connected spaces
of orbits, with S0 “ Yk0 or S0 “ W , and Si “ Yki for 1 ď i ď N . Let pfi, Ziq,
i “ 0, . . . , N be the pair of Morse function and gradient-like vector field of fi “ fY ,
Zi “ ZY if Si “ Yki and fi “ ´fW , Zi “ ´ZW if Si “W .
Let x be a critical point of f0 and y a critical point of fN (so x and y are
generators of the chain complex (3.2)).
A Floer cylinder with 0 cascades (N “ 0), from x to y, consists of a positive
gradient trajectory ν : RÑ S0, such that νp´8q “ x, νp`8q “ y and 9ν “ Z0pνq.
A Floer cylinder with N cascades, N ě 1, from x to y, consists of the following
data:
(i) N ´ 1 length parameters li ą 0, i “ 1, . . . , N ´ 1;
(ii) two half-infinite gradient trajectories, ν0 : p´8, 0s Ñ S0 and νN : r0,`8q Ñ
SN with ν0p´8q “ x, νN p`8q “ y and 9νi “ Zipνiq for i “ 0 or N ;
(iii) N´1 gradient trajectories νi defined on intervals of length li, νi : r0, lis Ñ Si
for i “ 1, . . . , N ´ 1 such that 9νi “ Zipνiq;
(iv) N non-trivial split Floer cylinders from νi´1pli´1q P Si´1 to νip0q P Si,
where we take l0 “ 0.
In the case of a Floer cylinder with N ě 1 cascades, we refer to the non-trivial Floer
cylinders v˜i as sublevels. Notice that if S0 (and thus all Si) is of the form Yk, all
the split Floer cylinders are as in Definition 4.1. If S0 “W , then the bottom-most
level is a split Floer cylinder as in Definition 4.2.
See Figure 4.1 for a schematic illustration.
Definition 4.5. We refer to the punctures Γ appearing in Definitions 4.1 and 4.2 as
augmentation punctures. The corresponding JW holomorphic planes, Ui : C Ñ W
are referred to as augmentation planes. This terminology is by analogy to linearized
contact homology, where rigid planes of this type give an (algebraic) augmentation
of the full contact homology differential.
Remark 4.6. Notice that the hybrid energy of each sublevel must be non-negative.
Since we require that the sublevels are non-trivial, it follows that any such cascade
with collections of orbits Si “ Yki , i “ 1, . . . , N and S0 “ Yk0 , or, if S0 “ W , with
k0 “ 0, we must have that the sequence of multiplicities is monotone increasing
k0 ă k1 ă ¨ ¨ ¨ ă kN .
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v˜3
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U1 U2 U3
Rˆ Y
W
Figure 4.1. A split Floer cylinder with 3 cascades.
By a standard SFT-type compactness argument, the Floer–Gromov–Hofer com-
pactification of a moduli space of split Floer cylinders with cascades will consist of
several possible configurations. The length parameters can go to 0 or to 8 (in the
latter case, corresponding to a Morse-type breaking of the gradient trajectory). The
split Floer cylinders can break at Hamiltonian orbits, thus increasing the number
of cascades but with a length parameter of 0. They can also split off a holomorphic
building with levels in R ˆ Y and in W . We will see that this latter degeneration
can’t occur in low dimensional moduli spaces, at least under our monotonicity as-
sumptions. For energy reasons, these Floer cylinders with cascades will not break
at constant Hamiltonian trajectories in p´8, log 2s ˆ Y (see [DL18, Lemma 4.8]).
We now define the split Floer differential B on the chain complex (3.2). Given
generators x, y, denote by
MH,N px, y; JW q
the space of split Floer cylinders with N cascades from x to y (with negative end
at x and positive end at y).
For N ě 1, this moduli space MH,N px, y; JW q has an RN action by domain
automorphisms corresponding to R-translation of the domain cylinders R ˆ S1.
When N “ 0, this moduli space is of gradient trajectories, and also admits an R
reparametrization action.
When |x| “ |y| ´ 1, these moduli spaces will be rigid modulo these actions. See
Remark 5.10.
We now define
(4.3)
B y “
ÿ
|x|“|y|´1
# pMH,0px, y; JW q{Rqx`
ÿ
|x|“|y|´1
8ÿ
N“1
#
`MH,N px, y; JW {RN˘x.
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Figure 5.1. A chain of 4 pearls from q to p with 3 marked points.
We call B the split Floer differential on (3.2).
5. Transversality for the Floer and holomorphic moduli spaces
In this section, we will build the transversality theory needed for the Floer cylin-
ders with cascades that appear in the split Floer differential as in Equation (4.3).
In the process, we will also discuss transversality for pseudoholomorphic curves in
X and in Σ, which will be necessary for the proof of our main result.
5.1. Statements of transversality results. Before stating the main result of
this section, we will introduce some definitions allowing us to relate transversality
for split Floer cylinders with cascades to transversality problems for spheres in Σ
and in X with various constraints.
Lemma 5.1. Let v˜ : Rˆ S1zΓ Ñ Rˆ Y be a finite hybrid energy Floer cylinder in
R ˆ Y (as in Definition 4.3), converging to a Hamiltonian orbit in the manifolds
Y` at `8 and converging at ´8 either to a Hamiltonian orbit in the manifold Y´
or to a Reeb orbit at t´8u ˆ Y , and with finitely many punctures at Γ Ă R ˆ S1
converging to Reeb orbits in t´8u ˆ Y . Then, the projection piΣ ˝ v˜ extends to a
smooth JΣ-holomorphic sphere piΣ ˝ v˜ : CP1 Ñ Σ.
Proof. The projection piΣ ˝ v˜ is JΣ-holomorphic on RˆS1, since H is admissible (as
in Definition 3.1). The result now follows from Gromov’s removal of singularities
theorem together with the finiteness of the energy of piΣ ˝ v˜. 
In order to describe the projection to Σ of the levels of a split Floer cylinder
with N cascades that map to Rˆ Y , we introduce the following:
Definition 5.2. A chain of pearls from q to p, where p and q are critical points of
fΣ, consists of the following:
‚ N ě 0 parametrized JΣ-holomorphic spheres wi in Σ with two distinguished
marked points at 0 and 8 and a possibly empty collection of additional
marked points z1, . . . , zk on the union of the N domains (distinct from 0 or
8 in each of the N spherical domains); the spheres are either non-constant
or contain at least one additional marked point;
‚ if N “ 0, an infinite positive flow trajectory of ZΣ from q to p; if N ě 1,
a half-infinite trajectory of ZΣ from q to w1p0q, a half-infinite trajectory of
ZΣ from wN p8q to p;
‚ ifN ě 1, positive length parameters li, i “ 1, . . . , N´1, so that ϕliZΣpwip8qq “
wi`1p0q, i “ 1, . . . , N ´ 1.
See Figure 5.1. If such a chain of pearls is the projection to Σ of the components
in RˆY is a split Floer cylinder, then the additional marked points in the pseudo-
holomorphic spheres correspond to augmentation punctures in the Floer cylinders,
where they converge to cylinders over Reeb orbits that are capped by planes in W .
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Notice that the geometric configuration of two spheres touching at a critical
point of fΣ admits an interpretation as a chain of pearls in Σ, since the critical
point is the image of any positive length flow line with that initial condition.
Definition 5.3. A chain of pearls with a sphere in X from x to p, where x is a
critical point of fW and p is a critical point of fΣ, consists of the following:
‚ N ě 1 parametrized JΣ-holomorphic spheres wi in Σ with two distinguished
marked points at 0 and 8 and a possibly empty collection of additional
marked points z1, . . . , zk on the union of the N domains (distinct from 0 or
8);
‚ a parametrized non-constant JX -holomorphic sphere v in X;
‚ a half-infinite trajectory of ZΣ from wN p8q to p, a half-infinite trajectory
of ´ZX from x to vp0q (where ZX is the push-forward of ZW by the inverse
of the map from Lemma 2.5);
‚ positive length trajectories of ZΣ from wip8q to wi`1p0q for i “ 1, . . . , N´1;
‚ the sphere in X touches the first sphere in Σ: w1p0q “ vp`8q;
‚ the spheres w2, . . . , wN satisfy the stability condition that they are either
non-constant or contain at least one of the additional marked points (v is
automatically non-constant and w1 is allowed to be constant and unstable).
Definition 5.4. An augmented chain of pearls [or an augmented chain of pearls
with a sphere in X] is a chain of pearls [or chain of pearls with a sphere in X]
together with k equivalence classes rUis of JX -holomorphic spheres Ui : CP1 Ñ X,
i “ 1, . . . , k, with the following additional properties:
‚ for each z P CP1, Uipzq P Σ if and only if z “ 8;
‚ if the puncture zi is in the domain of the holomorphic sphere wji : CP1 Ñ Σ,
then wjipziq “ Uip8q;
‚ each Ui is considered up to the action of AutpCP1,8q “ AutpCq, that is,
as an unparametrized sphere.
From Lemma 5.1 and Lemma 2.5 and the fact that the trajectories of ZY cover
trajectories of ZΣ, it follows that a Floer cylinder with N cascades projects to
a chain of pearls or a chain of pearls with a sphere in X. Additionally, again by
Lemma 2.5, if any of the sublevels have augmentation planes, then those correspond
to spheres in X passing through Σ at the images of the corresponding marked points
in the chain of pearls.
Observe that we allow the sphere w1 to be unstable in the definition of a chain
of pearls in Σ with a sphere in X. The case in which w1 is a constant curve
without marked points corresponds to the situation in which the corresponding
Floer cascade contains a non-trivial Floer cylinder v˜1 contained in a single fibre of
R ˆ Y Ñ Σ, and has the asymptotic limits v˜1p`8, tq on a Hamiltonian orbit and
v˜1p´8, tq on a closed Reeb orbit in t´8u ˆ Y . The Floer cylinder v˜1 in Rˆ Y is
non-trivial and hence stable, whereas the corresponding sphere w1 in Σ is unstable.
Since we do not quotient by automorphisms (yet), this does not pose a problem.
(see Figure 6.3 and Proposition 6.3 below, where this situation is analysed.)
Definition 5.5. A chain of pearls in Σ is simple if each sphere is either simple (i.e.
not multiply covered, [MS04, Section 2.5]) or is constant, and if the image of no
sphere is contained in the image of another. If the chain of pearls has a sphere v
in X, we require v to be somewhere injective (but the first sphere in Σ is allowed
to be constant, with image contained in the image of v).
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An augmented chain of pearls is simple if the chain of pearls is simple and the
augmentation spheres in X are somewhere injective, none has image contained in
the fixed open neighbourhood ϕpUq and no sphere in X has image contained in the
image of another sphere in X.
Remark 5.6. Recall that a chain of pearls with a sphere in X has a distinguished
sphere v inX for which vp0q is on the descending manifold of a critical point x of fW .
By the construction of fW , this forces the image of v to intersect the complement
of the tubular neighbourhood of Σ. As we revisit in Remark 6.7, Fredholm index
considerations related to monotonicity will force the augmentation planes/spheres
to leave the tubular neighbourhood.
Remark 5.7. Notice that our condition on a simple chain of pearls is slightly dif-
ferent than the condition imposed in [MS04, Section 6.1], with regard to constant
spheres. For a chain of pearls to be simple by our definition, constant spheres may
not be contained in another sphere, constant or not. In [MS04], there is no such
condition on constant spheres.
Definition 5.8. Given a finite hybrid energy Floer cylinder with N cascades, we
obtain an augmented chain of pearls (possibly with a sphere in X) by the following
construction:
(1) cylinders in RˆY are projected to Σ: by Lemma 5.1 these form holomorphic
spheres in Σ;
(2) planes in W are interpreted as spheres in X by Lemma 2.5;
(3) flow lines of the gradient-like vector field ZY are projected to flow lines of
ZΣ.
We refer to this augmented chain of pearls in Σ (possibly with a sphere in X) as
the projection of the Floer cylinder with N cascades.
A finite hybrid energy Floer cylinder with N cascades is simple if the projected
chain of pearls is simple.
Given generators x, y of the chain complex (3.2), denote by
MH˚,N px, y; JW q
the space of simple split Floer cylinders with N cascades from x to y. Recall that
if x or y is in R ˆ Y , the corresponding generator is described by a critical pointrp of fY (which can be either qp or p), together with a multiplicity k. If instead, x
or y is in W , it corresponds to a critical point of fW . Note that when both x, y
are generators in RˆY , the moduli space MH˚,N px, y; JW q will depend on JW only
insofar as augmentation planes appear, otherwise it depends only on JY .
Proposition 5.9. There exists a residual set J regW Ă JW of almost complex struc-
tures such that for each JW P J regW , MH˚,N px, y; JW q is a manifold.
If N “ 0, and thus x, y are generators in R ˆ Y , then x “ rqk, y “ rpk for the
same multiplicity k, and
dimRMH˚,0prqk,rpk; JW q “ |rpk| ´ |rqk|.
If N ě 1, and x, y are generators in Rˆ Y , then x “ rqk´ , y “ rpk` and
dimRMH˚,N prqk´ ,rpk` ; JW q “ |rpk` | ´ |rqk´ | `N ´ 1.
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Finally, if x PW and y P Rˆ Y , then x P CritpfW q, y “ rpk and
dimRMH˚,N px,rpk; JW q “ |rpk| ´ |x| `N.
Furthermore, the image P pJ regW q Ă JΣ (recall Definition 2.7) is residual and
consists of almost complex structures that are regular for simple pseudoholomorphic
spheres in Σ.
The two different formulas involving N reflect the fact that N counts the number
of cylinders in Rˆ Y . In the case of a Floer cascade that descends to W , there are
therefore N ` 1 cylinders in the cascade.
Remark 5.10. These index formulas justify that the moduli spaces are rigid (modulo
their R, RN and RN`1 actions) when the index difference is 1, which then justifies
the definition of the differential given in Equation (4.3). Indeed, observe that the
case N “ 0 corresponds to a pure Morse configuration and doesn’t depend on any
almost complex structure. We count rigid flow lines modulo the R action, and
thus require |y| ´ |x| “ 1. For generators x, y in R ˆ Y , we consider these N
cylinders modulo the R action on each one, giving an RN action. From this, a rigid
configuration has |y| ´ |x| `N ´ 1 “ N . For the case with x P W , we have N ` 1
cylinders in the Floer cascade, so we have a rigid configuration modulo the RN`1
action when N ` 1 “ |y| ´ |x| `N .
The split Floer differential B, introduced in Equation (4.3) was defined by count-
ing elements in MH,N px, y; JW q. We will see in Propositions 6.2 and 6.3 that our
monotonicity assumptions imply that this is equivalent to counting simple config-
urations in MH˚,N px, y; JW q.
The rest of this section will be devoted to the proof of Proposition 5.9. It will
proceed in the following steps:
‚ Section 5.2 describes the Fredholm set-up for Floer cylinders with cas-
cades. On a first reading, it can be skipped and used as a reference. In
Section 5.2.1, we discuss the necessary function spaces and linear theory
for the Morse–Bott problems. Then, Section 5.2.2 splits the linearization
of the Floer operator in such a way as to split the transversality problem
into two problems. The first is a Cauchy–Riemann operator acting on sec-
tions of a complex line bundle, and it is transverse for topological reasons
(automatic transversality). The second is a transversality problem for a
Cauchy–Riemann operator in Σ.
‚ Section 5.3 adapts the transversality arguments from [MS04] in order to
obtain transversality for chains of pearls in Σ.
‚ Section 5.4 shows transversality for the components of the cascades con-
tained in W . This problem is translated into the equivalent problem of
obtaining transversality for spheres in X with order of contact conditions
at Σ, together with evaluation maps. The main technical point is an ex-
tension of the transversality results from [CM07].
‚ Finally, Section 5.5 uses the splitting from Section 5.2.2 to lift the transver-
sality results in Σ to obtain transversality for Floer cylinders with cascades,
and to finish the proof of Proposition 5.9.
5.2. A Fredholm theory for Floer cylinders with cascades.
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5.2.1. A Fredholm theory for Morse–Bott asymptotics. In this section, we collect
some facts about Cauchy–Riemann operators on Hermitian vector bundles over
punctured Riemann surfaces, specifically in the context of degenerate asymptotic
operators. These facts can mostly be found in the literature, but not in a unified
way. The main reference for these results is [Sch95]. Additional references include
[HWZ99; Sch95; Wen10; ACH05, Sections 2.1–2.3; BM04].
We begin by introducing some Sobolev spaces of sections of appropriate bundles.
Let Γ Ă R ˆ S1 be a finite set of punctures and denote R ˆ S1zΓ by 9S. Write
Γ` “ t`8u and Γ´ “ t´8u Y Γ. Consider, for each puncture z P Γ, exponential
cylindrical polar coordinates of the form p´8,´1s ˆ S1 Ñ R ˆ S1zΓ: ρ ` iη ÞÑ
z0 `  e2pipρ`iηq. Choose  ą 0 sufficiently small these are embeddings and that the
image of these embeddings for any two different punctures are disjoint.
Let E Ñ 9S be a (complex) rank n Hermitian vector bundle over 9S together with
a preferred set of trivializations in a small neighbourhood of ΓY t˘8u. While the
bundle E over 9S is trivial if there is at least one puncture, this is no longer the case
once we specify these preferred trivializations near Γ Y t˘8u. We therefore asso-
ciate a first Chern number to this bundle relative to the asymptotic trivializations.
There are several equivalent definitions. One approach is to consider the complex
determinant bundle ΛnCE. The trivialization of E at infinity gives a trivialization of
this determinant bundle at infinity, and we can now count zeros of a generic section
of ΛnCE that is constant (with respect to the prescribed trivializations) near the
punctures. We denote this Chern number by c1pEq, but emphasize that it depends
on the choice of these trivializations near the punctures.
Since we cannot specify where an augmentation puncture appears when we
stretch the neck on a Floer cylinder, we should have the punctures in Γ free to
move on the domain R ˆ S1. This creates a problem when we try to linearize the
Floer operator in a family of domains where the positions of the punctures are not
fixed. We will instead consider a 2#Γ parameter family of almost complex struc-
tures on Rˆ S1, but fix the location of the punctures. Specify a fixed collection Γ
of punctures on R ˆ S1 and, for any other collection of augmentation punctures,
choose an isotopy with compact support from the new punctures to the fixed ones.
We take the push-forward of the standard complex structure in RˆS1 by the final
map of the isotopy, to produce a family of complex structures on RˆS1, which can
be assumed standard near Γ and outside of a compact set.
For each z P Γ, let βz : 9S Ñ r0,`8q be a function supported in a small neighbour-
hood of z, with βzpρ, ηq “ ´ρ near the puncture (where pρ, ηq are cylindrical polar
coordinates near z, as above). Similarly, let β` : R ˆ S1 Ñ r0,`8q be supported
in a region where s is sufficiently large and β`ps, tq “ s for s large enough. Let
β´ : Rˆ S1 Ñ r0,`8q have support near ´8, and β´ps, tq “ ´s for s sufficiently
small.
In many situations, it will be convenient to consider the function
(5.1) β :“
ÿ
zPΓ
βz ` β´ ` β`.
Finally, on the punctured cylinder 9S, we take the measure induced by an area
form on 9S that has the form ds ^ dt for |s| large and that has the form dρ ^ dη
in the cylinder polar coordinates near each puncture in Γ. Notice that pairing this
with the domain complex structure induces a metric on 9S for which the vector field
20 LUI´S DIOGO AND SAMUEL T. LISI
Bη, defined near a puncture in Γ by the exponential cylindrical polar coordinates,
has norm comparable to 1.
Given a vector of weights δ : Γ Y t˘8u Ñ R, we define W 1,p,δp 9S,Eq to be the
space of sections u of E for which
u e
ř
δzβz`δ´β´`δ`β` PW 1,pp 9S,Eq
(with respect to the measure and metric described above). Note that these sections
decay exponentially fast at the punctures where δ ą 0 and are allowed to have
exponential growth at punctures where δ ă 0. We can similarly define Lp,δp 9S,Eq.
While these definitions involve making various choices, the resulting metrics are
strongly equivalent. In practice, we’ll typically take p ą 2 to obtain continuity of
the sections. By a similar construction, we may define Wm,p,δ as well.
We will say that a differential operator D : ΓpEq Ñ ΓpΛ0,1T˚ 9SbEq is a Cauchy–
Riemann operator if it is a real linear Cauchy–Riemann operator [MS04, Definition
C.1.5] such that, near ˘8, it takes the form:
(5.2) pDσq BBs “
B
Bsσ ` Jps, tq
B
Btσ `Aps, tqσ
where Jps, tq is a smooth function on R˘ ˆ S1 with values in almost complex
structures on Cn compatible with the standard symplectic form, and Aps, tq takes
values in real matrices on R2n – Cn. We further impose that these functions
converge uniformly as s Ñ ˘8, Jps, tq Ñ Jzptq and Aps, tq Ñ Azptq, where Azptq
is a loop of self-adjoint matrices. We impose the same conditions near punctures
z P Γ, using the local coordinates pρ, ηq instead of ps, tq in (5.2).
A Cauchy–Riemann operator D : ΓpEq Ñ ΓpΛ0,1T˚ 9S b Eq acting on smooth
sections induces an operator on various Sobolev spaces of sections. Of particular
importance for us will be that for any vector of weights δ : Γ Y t˘8u Ñ R, D
induces an operator
D : W 1,p,δp 9S,Eq Ñ Lp,δp 9S,Λ0,1T˚ 9S b Eq
as well as operators D : W k,p,δ ÑW k´1,p,δ. In the following, we will not emphasize
the distinction and refer to the operators W 1,p,δ Ñ Lp,δ as Cauchy–Riemann oper-
ators. For generic weight vectors, these operators will be Fredholm as formulated
precisely in Theorem 5.16 below.
Associated to a Cauchy–Riemann operator D, we obtain asymptotic operators
at each puncture in Γ Y t˘8u by Az :“ ´Jzptq ddt ´ Azptq. This is a densely
defined unbounded self-adjoint operator on L2pS1,R2nq. Let σpAzq Ă R denote
its spectrum. This will consist of a discrete set of eigenvalues. If an asymptotic
operator Az does not have 0 in its spectrum, we say the asymptotic operator is
non-degenerate. If all the asymptotic operators are non-degenerate, we say D itself
is non-degenerate.
Note that we obtain a path of symplectic matrices associated to the asymptotic
operator Az by finding the fundamental matrix Φ to the ODE
d
dtx “ JzptqAzptqx.
The asymptotic operator is non-degenerate if and only if the time-1 flow of the ODE
does not have 1 in the spectrum. We will consider a description of the Conley–
Zehnder index in terms of properties of the asymptotic operator itself [HWZ95,
Lemmas 3.4, 3.5, 3.6, 3.9].
Remark 5.11. An asymptotic operator induces a path of symplectic matrices, and
this identification (understood correctly) is a homotopy equivalence. This will allow
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us to associate a Conley–Zehnder index to a periodic orbit of a Hamiltonian vector
field, given a trivialization of the tangent bundle along the orbit. In order to do
so, we take the linearized flow map, which defines a path Φ: r0, 1s Ñ Spp2nq with
respect to the fixed trivialization. If we fix a path of almost complex structures,
this path of symplectic matrices satisfies an ODE as in the previous paragraph,
which in turn specifes an asymptotic operator. The Conley–Zehnder index of the
Hamiltonian orbit is by definition the Conley–Zehnder index of this asymptotic
operator. This is homotopic to the asymptotic operator coming from the linearized
Floer operator.
Proposition 5.12. Suppose Az is non-degenerate and E is a rank 1 vector bundle.
If u : S1 Ñ C is an eigenfunction of Az corresponding to the eigenvalue λ, it
must be nowhere vanishing. The winding number of u is then the degree of the map
u
|u| : S
1 Ñ S1. Any two eigenfunctions corresponding to the same eigenvalue λ have
the same winding number. This is then referred to as the winding number of the
eigenvalue, and is denoted by wpλq.
The function w : σpAzq Ñ Z is non-decreasing in λ and is surjective. If λ˘
are eigenvalues so that λ´ ă 0 ă λ` and there are no eigenvalues in the interval
pλ´, λ`q, then
CZpAzq “ wpλ´q ` wpλ`q.
This formulation will be the most useful for our calculations. Furthermore, in
the case of a higher rank bundle, we use the axiomatic description, see for instance
[HWZ95, Theorem 3.1] to observe that CZpAzq is invariant under deformations for
which 0 is never in the spectrum, and that if the operator can be decomposed as
the direct sum of operators, then the Conley–Zehnder index is additive.
The following computation is useful at several points in the paper. It can often
be combined with Proposition 5.12 to compute Conley–Zehnder indices of interest.
Lemma 5.13. Given a constant C ě 0, the spectrum σpACq of the operator
AC :“ ´i d
dt
´
ˆ
C 0
0 0
˙
: W 1,ppS1,Cq Ñ LppS1,Cq
is the set"
1
2
´
´C ´
a
C2 ` 16pi2k2
¯
| k P Z
*
Y
"
1
2
´
´C `
a
C2 ` 16pi2k2
¯
| k P Z
*
.
If λ is an eigenvalue associated to k P Z, then the winding number of the corre-
sponding eigenvector is |k| if λ ě 0 and ´|k| if λ ď 0. If C “ 0, then all eigenvalues
have multiplicity 2 (see Table 1). If C ą 0, then the same is true except for the
eigenvalues ´C and 0, corresponding to k “ 0 above, both of which have multiplicity
1 (see Table 2).
In particular, the σpA0q “ 2piZ and the winding number of 2pik is k.
Proof. An eigenvector v : S1 Ñ C of AC with eigenvalue λ solves the equation
´
ˆ
0 ´1
1 0
˙
9v ´
ˆ
C 0
0 0
˙
v “ λv ô 9v “
ˆ
0 ´λ
C ` λ 0
˙
v.
Computing the eigenvalues of the matrix on the right, and requiring that they be
of the form 2piik, k P Z (since vpt` 1q “ vptq), yields the result. 
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eigenvalues . . . ´4pi ´2pi 0 2pi 4pi . . .
multiplicities . . . 2 2 2 2 2 . . .
winding numbers . . . ´2 ´1 0 1 2 . . .
Table 1. Eigenvalues of A0
eigenvalues . . . 12
`´C ´?C2 ` 16pi2˘ ´C 0 12 `´C `?C2 ` 16pi2˘ . . .
multiplicities . . . 2 1 1 2 . . .
winding #s . . . ´1 0 0 1 . . .
Table 2. Eigenvalues of AC in increasing order, if C ą 0
Corollary 5.14. Take C ě 0 and δ ą 0 such that r´δ, δs X σpACq “ t0u. Then
CZpA` δq “
#
0 if C ą 0
´1 if C “ 0 and CZpAC ´ δq “ 1.
For any n ě 0, taking
´i d
dt
: W 1,ppS1,Cnq Ñ LppS1,Cnq,
we have
CZ
ˆ
´i d
dt
˘ δ
˙
“ ¯n.
Proof. The case n “ 1 follows from Proposition 5.12 and Lemma 5.13. The case of
general n uses the additivity of CZ under direct sums. 
Definition 5.15. A key observation for our computations of Fredholm indices (as
noted, for instance, in [HWZ99]) is that a Cauchy–Riemann operator
D : W 1,p,δp 9S,Eq Ñ Lp,δp 9S,Λ0,1T˚ 9S b Eq
with asymptotic operators Az is conjugate to the Cauchy–Riemann operator
Dδ : W 1,pp 9S,Eq Ñ Lpp 9S,Λ0,1T˚ 9S b Eq
Dδ “ eř δzβzpsqD e´ř δzβzpsq .
This has asymptotic operators Aδz “ Az ˘ δz, which are non-degenerate and where
the sign is positive at positive punctures and negative at negative punctures. We
refer to these as the δ-perturbed asymptotic operators.
Notice that the operator Dδ depends on the choice of cut-off functions βz, z P
Γ Y t˘8u. A different choice of cut-off function will give an operator that differs
only by a compact operator. This is thus of secondary importance for what we
discuss here.
Note that with the sign conventions that we have chosen, a positive weight
δz ą 0 always corresponds to the constraint of exponential decay at the puncture.
A negative weight δz ă 0 always corresponds to allowing exponential growth.
Theorem 5.16. Let δ : ΓYt˘8u Ñ R such that ´δz R σpAzq for positive punctures
z P Γ` and such that `δz R σpAzq for negative punctures z P Γ´.
Then, the Cauchy–Riemann operator
D : W 1,p,δp 9S,Eq Ñ Lp,δp 9S,Λ0,1T˚ 9S b Eq
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with asymptotic operators Az, z P ΓY t˘8u is Fredholm and its index is given by
IndpD, δq “ nχ 9S ` 2c1pEq `
ÿ
zPΓ`
CZpAz ` δzq ´
ÿ
zPΓ´
CZpAz ´ δzq.
This observation about the conjugation of the weighted operator to the non-
degenerate case, combined with Riemann–Roch for punctured domains (see for
instance, [Sch95, Theorem 3.3.11; HWZ99, Theorem 2.8; Wen16a, Theorem 5.4])
gives the following.
Now, a useful fact for us is a description of how the Conley–Zehnder index
changes as a weight crosses the spectrum of the operator:
Lemma 5.17. Let δ ą 0 with r´δ,`δs X σpAzq “ t0u. Then,
CZpAz ´ δq ´ CZpAz ` δq “ dimpker Azq.
For a proof (using the spectral flow idea of [RS95]), see for instance [Wen05,
Proposition 4.5.22].
To obtain a result that is useful for our moduli spaces of cascades asymptotic to
Morse–Bott families of orbits, we consider the following modification of our function
spaces.
To each puncture, we associate a subspace of the kernel of the corresponding
asymptotic operator, which we denote by Vz, z P Γ, V´, V` and write V for this
collection. Then, for each puncture z P Γ and also ˘8, we associate a smooth bump
function µz, µ˘, supported near and identically 1 even nearer to its puncture. We
then define
W 1,p,δV p 9S,Eq “tu PW 1,ploc p 9S,Eq | D cz P Vz, z P Γ, c´ P V´, c` P V`
such that u´
ÿ
czµz ´ c´µ´ ´ c`µ` PW 1,p,δp 9S,Equ.
(5.3)
We remark that we are using the asymptotic cylindrical coordinates near Γ and
the asymptotic trivialization of E in order to define the local sections czµz.
In this paper, we are primarily concerned with Cauchy–Riemann operators de-
fined on 9S “ R ˆ S1 and on 9S “ R ˆ S1ztP u (a cylinder with one additional
negative puncture). In the case of Rˆ S1, we will write V “ pV´;V`q, and in the
case of R ˆ S1ztP u, we will write V “ pV´, VP ;V`q. (The negative punctures are
enumerated first, and separated from the positive puncture by a semicolon.)
Observe that since the vector spaces Vz are in the kernel of the corresponding
asymptotic operators, for any choice of V and any vector of weights δ, we have that
the Cauchy–Riemann operator D can be extended to
D : W 1,p,δV p 9S,Eq Ñ Lp,δp 9S,Λ0,1T˚ 9S b Eq.
Let dimVz denote the dimension of the vector space Vz and let codimVz “
dim pker Az{Vzq. Combining Theorem 5.16 with Lemma 5.17, we have:
Theorem 5.18. Let δ ą 0 be sufficiently small that for z P Γ`, r´δ, 0qXσpAzq “ H
and such that for z P Γ´, p0, δs X σpAzq “ H.
For each z P Γ, fix the subspace Vz Ă ker Az.
Then, the operator
D : W 1,p,δV p 9S,Eq Ñ Lp,δp 9S,Λ0,1T˚ 9S b Eq
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is Fredholm, and its Fredholm index is given by
IndpDq “ nχ 9S`2c1pEq`
ÿ
zPΓ`
`
CZpAz`δq`dimpVzq
˘´ ÿ
zPΓ´
`
CZpAz`δq`codimpVzq
˘
.
In applications where there are Morse–Bott manifolds of orbits, we will typically
take Vz to be the tangent space to the descending manifold of a critical point pz
on the manifold of orbits at a positive puncture, and Vz will be the tangent space
to ascending manifold of a critical point pz at a negative puncture. In either case,
the contribution to IndpDq of dimVz or of codimVz will be the Morse index of the
appropriate critical point. This motivates the following definition.
Definition 5.19. Let δ ą 0 be sufficiently small. If pz is a critical point of an
auxiliary Morse function on the manifold of orbits associated to z, then the Conley–
Zehnder index of the pair pAz, pzq is
CZpAz, pzq “ CZpAz ` δq `Mppzq,
where Mppzq is the Morse index of pz.
In this case, we can write the Fredholm index as
IndpDq “ nχ 9S ` 2c1pEq `
ÿ
zPΓ`
CZpAz, pzq ´
ÿ
zPΓ´
CZpAz, pzq.
We conclude with a lemma that is particularly useful when applying the auto-
matic transversality result [Wen10, Proposition 4.22]. The lemma states that the
Fredholm index of an operator with a small negative weight at a puncture is the
same as that of the corresponding operator with a small positive weight at that
puncture, if the puncture is decorated with the kernel of the corresponding asymp-
totic operator. The former indices are used in [Wen10, Proposition 4.22], whereas
the latter can be computed using Theorem 5.18. Additionally, the latter arises
naturally in the linearization of the non-linear problem.
We first learned this result from Wendl [Wen05]. We give a proof of this formu-
lation since it is slightly stronger than what we have found in the literature (and is
still not as strong as can be proved.)
Lemma 5.20. Let D be a Cauchy–Riemann operator. Fix a puncture z0 P Γ Y
t˘8u.
Let δ and δ1 be vectors of sufficiently small weights so that the differential operator
induces a Fredholm operator on W 1,p,δ and on W 1,p,δ
1
, and δz0 ą 0 and δ1z0 ă 0,
the interval rδ1z0 , δz0s X σpAz0q “ t0u, and for each z P ΓY t˘8u with z ‰ z0, the
weights δz “ δ1z.
Let V be the trivial vector space at each puncture other than z0 and let Vz0 be
the kernel of the asymptotic operator Az0 at z0.
Then, the induced operators
Dδ : W
1,p,δ
V p 9S,Eq Ñ Lp,δp 9S,Λ0,1T˚ 9S b Eq
Dδ1 : W
1,p,δ1p 9S,Eq Ñ Lp,δ1p 9S,Λ0,1T˚ 9S b Eq
have the same Fredholm index and their kernels and cokernels are isomorphic.
Proof. The main idea of the lemma is contained in [Wen05, Proposition 4.5.22],
which contains a proof of the equality of Fredholm indices. See also the very closely
related [Wen16b, Proposition 3.15].
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Note that W 1,p,δV p 9S,Eq is a subspace of W 1,p,δ
1p 9S,Eq, and thus the kernel of Dδ
is contained in the kernel of Dδ1 .
Now, by a linear version of the analysis done in [HWZ99, Sie08], any element
of the kernel of Dδ1 converges exponentially fast at z0 to an eigenfunction of the
asymptotic operator, with exponential rate governed by the eigenvalue (in this case
0). Therefore, any element of the kernel of Dδ1 must converge exponentially fast to
an element of the kernel of the asymptotic operator at z0. Hence, the kernel of Dδ1
is contained in the kernel of Dδ.
We conclude that the kernels of the two operators may be identified. Since their
Fredholm indices are the same, their cokernels are also isomorphic. 
5.2.2. The linearization at a Floer solution. The first step in the proof of Propo-
sition 5.9 is to set up the appropriate Fredholm problem. Given a Floer solution
v˜ : RˆS1zΓ Ñ RˆY , we consider exponentially weighted Sobolev spaces of sections
of the pull-back bundle v˜˚T pR ˆ Y q since the asymptotic limits are (Morse–Bott)
degenerate. For δ ą 0, we denote by W 1,p,δpR ˆ S1zΓ, v˚T pR ˆ Y qq the space of
sections that decay exponentially like e´δ|s| near the punctures (also in cylindrical
coordinates near the punctures Γ), as in the previous section.
We similarly define Wm,p,δ sections with exponential decay/growth. The follow-
ing results will not depend on m except in the case of jet conditions considered
in Section 5.4, where m will need to be sufficiently large that the order of contact
condition can be defined.
In order to consider a parametric family of punctured cylinders in which the
asymptotic limits move in their Morse–Bott families, we let V be a collection of
vector spaces, associating to each puncture z P Γ Y t˘8u a vector subspace Vz of
the tangent space to the corresponding Morse–Bott family of orbits. For δ ą 0, we
then consider the space of sections W 1,p,δV pR ˆ S1zΓ, v˚T pR ˆ Y qq that converge
exponentially at each puncture z to a vector in the corresponding vector space Vz.
Remark 5.21. In this paper, we will not always be careful to specify how small δ
has to be. It is worth pointing out that there is no value of δ that works for all
moduli spaces. The reason is that we need |δ| to be smaller than the absolute value
of all eigenvalues in the spectra of the relevant linearized operators. Lemma 5.13
computes the spectrum of a number of these relevant asymptotic operators, and as
we see in Table 2, the smallest positive eigenvalue 12
`´C `?C2 ` 16pi2˘ becomes
arbitrarily small as C Ñ 8. As will become clear from Lemma 5.22 and Equation
(5.5), the relevant value for C here is h2pebkqebk , which can become arbitrarily
large as the multiplicity k Ñ8. Since the relevant moduli spaces in the differential
involve connecting orbits of bounded multiplicities, for any given moduli space, we
may choose δ sufficiently small.
We now adapt an observation first used in [Dra04, Bou06], to show that the
linearization of the Floer operator is upper triangular with respect to the splitting
of T pRˆ Y q as pR‘ RRq ‘ ξ. We then describe the non-zero blocks in this upper
triangular presentation of the operator. The two diagonal terms are of special
importance: one will be a Cauchy–Riemann operator acting on sections of a complex
line bundle, and the other can be identified with the linearization of the Cauchy–
Riemann operator for spheres in Σ.
We now explain this construction in more detail. Let v˜ : R ˆ S1zΓ Ñ R ˆ Y
be a Floer solution with punctures Γ. The Hamiltonian need not be admissible,
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but needs to be radial (i.e. depending only on r, the symplectization variable).
The almost complex structure JY is assumed to be admissible. We consider three
possible cases for the asymptotics of such a curve.
In the first case, v˜ is asymptotic to a closed Hamiltonian orbit at v˜p`8, tq,
to a closed Hamiltonian orbit at v˜p´8, tq, and with negative ends converging to
Reeb orbits at the punctures in Γ. The second case has v˜ asymptotic to a closed
Hamiltonian orbit at v˜p`8, tq, but with negative ends converging to Reeb orbits
in t´8uˆ Y at t´8uYΓ. These two cases correspond to an upper level of a split
Floer cylinder as in Definitions 4.1 and 4.2, respectively.
The third case we consider is most directly applicable to studying holomorphic
curves in RˆY : v˜ has a positive cylindrical end at `8 converging to a Reeb orbit
in t`8u ˆ Y , and has negative cylindrical ends at the punctures t´8u Y Γ. For
such a curve, we may assume that H is identically 0, and thus this example includes
JY –holomorphic curves. This is of independent interest, and is useful in [DL18].
Part of this was sketched in [EGH00, Section 2.9.2].
Let w “ piΣ ˝ v˜ : CP1 Ñ Σ be the smooth extension of the projection of v˜ to
the divisor (as given by Lemma 2.5). The linearized projection dpiΣ induces an
isomorphism of complex vector bundles
v˜˚
`
T pRˆ Y q˘ – pR‘ RRq ‘ w˚TΣ.
To see this, note that for each point p P Y , dpiΣ induces a symplectic isomorphism
pξp, dαq – pTpiΣppqΣ,KωΣq. By the Reeb invariance of the almost complex structure
(and thus S1-invariance under rotation in the fibre), this then gives a complex vector
bundle isomorphism.
Let V associate to each puncture z P Γ Y t˘8u the tangent space to Y if the
corresponding limit of v˜ is a closed Hamiltonian orbit and the tangent space to RˆY
if the corresponding limit of v˜ is a closed Reeb orbit. As will be clearer shortly,
this is associating to each puncture the entirety of the kernel of the corresponding
asymptotic operator.
Let
(5.4) Dv˜ : W
1,p,δ
V pv˜˚T pRˆ Y qq Ñ Lp,δpHom0,1pT pRˆ S1zΓq, v˜˚T pRˆ Y qqq
be the linearization of the nonlinear Floer operator at the solution v˜, for δ ą 0
sufficiently small. The vector spaces V correspond to allowing the asymptotic
limits to move in their Morse–Bott families. We have then a linearized evaluation
map at the punctures with values in ‘zPt˘8uYΓVz. Let
DΣw : W
1,ppw˚TΣq Ñ LppHom0,1pTCP1, w˚TΣqq
be the linearized Cauchy–Riemann operator in Σ at the holomorphic sphere w. We
also have the linearized Cauchy–Riemann operator 9DΣw at the holomorphic cylinder
s ` it ÞÑ wpe2pips`itqq “ piΣpv˜ps, tqq. Then, ppiΣ ˝ v˜q˚TΣ “ w˚TΣ|RˆS1zΓ is a
Hermitian vector bundle over Rˆ S1zΓ. Let VΣ be the kernels of the asymptotic
operators of 9DΣw at each of the punctures, ˘8 and Γ. (These are explicitly given
by VΣp´8q “ Twp0qΣ, VΣp`8q “ Twp8qΣ, VΣpzq “ TwpzqΣ for each marked point
z P Γ.) We consider this operator acting on the space of sections
9DΣw : W
1,p,δ
VΣ
pw˚TΣ|RˆS1zΓq Ñ Lp,δpHom0,1pT pRˆ S1zΓq, w˚TΣ|RˆS1zΓqq.
The operator DΣw is Fredholm independently of the weight, but
9DΣw is only Fredholm
when the weight δ is not an integer multiple of 2pi. Furthermore, by combining
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[Wen16b, Proposition 3.15] with Lemma 5.20, for 0 ă δ ă 2pi, these operators have
the same Fredholm index and their kernels and cokernels are isomorphic by the
map induced by restricting a section of w˚TΣ to the punctured cylinder.
Finally, define DCv˜ by
(5.5)
DCv˜ : W
1,p,δ
V0
pRˆ S1zΓ,Cq Ñ Lp,δpHom0,1pT pRˆ S1zΓq,Cqq
pDCv˜F qpBsq “ Fs ` iFt `
ˆ
h2pebq eb 0
0 0
˙
F
where V0 associates the vector space iR to the punctures at which v˜ converges to
a closed Hamiltonian orbit and associates the vector space C at punctures at which
v˜ converges to a closed Reeb orbit. Notice that again these are chosen so that they
precisely give the kernels of the corresponding asymptotic operators of DCv˜ .
Lemma 5.22. The isomorphism v˜˚T pR ˆ Y q – pR ‘ RRq ‘ w˚TΣ induces a
decomposition:
Dv˜ “
ˆ
DCv˜ M
0 9DΣw
˙
where M is a multiplication operator that evaluates on Bs to a fibrewise linear map
M : w˚TΣ Ñ R ‘ RR, decaying at the punctures. (In particular, M is compact.)
Furthermore, if w “ piΣ ˝ v˜ is non-constant, then M is pointwise surjective except
at finitely many points.
Proof. In our setting, the nonlinear Floer operator takes the form of the left-hand
side of the equation:
dv˜ ` JY pv˜qdv˜ ˝ i´ h1perqRb dt` h1perqBr b ds “ 0.
Write v˜ “ pb, vq : R ˆ S1zΓ Ñ R ˆ Y . If we apply dr to the previous equation,
and use the fact that dr ˝ JY “ ´α, we get:
db´ v˚α ˝ i` h1pebqds “ 0.
Denoting by piξ : TY Ñ ξ the projection along the Reeb vector field, we get
(5.6) piξdv˜ ` JY pv˜qpiξdv˜ ˝ i “ 0.
Let g be the metric on Rˆ Y given by g “ dr2 ` α2 ` dαp¨, JY ¨q. This metric is
JY -invariant. Let r∇ be the Levi-Civita connection for g. Let ∇ be the Levi-Civita
connection on TΣ for the metric ωΣp¨, JΣ¨q.
Then, it follows that the linearization Dv˜ applied to a section ζ of v˜
˚T pRˆ Y q
satisfies
(5.7)
Dv˜ζ pBsq “ r∇sζ ` JY pv˜qr∇tζ ` `r∇ζJY pv˜q˘Btv˜ ´ r∇ζpJYXHqpv˜q
“ r∇sζ ` JY pv˜qr∇tζ ` `r∇ζJY pv˜q˘Btv˜ ` r∇ζph1perqBrqr“b.
Notice that r∇Br “ 0 since g is a product metric. We have thenr∇ζph1perqBrq|r“b “ h2pebq eb drpζqBr.
Observe also that for any vector field V in TΣ, there is a unique horizontal lift
V˜ to Y with the property αpV˜ q “ 0. For any two vector fields V and W in TΣ,
since dαpV˜ , W˜ q “ KωΣpV,W q, we have the following
rV˜ , W˜ s “ ČrV,W s ´KωΣpV,W qR.
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From this, it follows that the Levi-Civita connection r∇ satisfies the following
identities: r∇V˜ W˜ “ Č∇VW ´ K2 ωΣpV,W qRr∇RR “ 0r∇RV˜ “ ´1
2
JY V˜ .
A simple computation using the Reeb-flow invariance of JY and the torsion-free
property of the connection givesr∇BrJY “ 0 “ r∇RJY .
We will now compute Dv˜ζ pBsq, first when ζ “ ζ1Br ` ζ2R “ pζ1 ` iζ2qBr, and
then when ζ is a section of v˜˚ξ.
For the first computation, it suffices to notice the following two identities
Dv˜Br pBsq “ h2pebq eb Br
Dv˜R pBsq “ 0.
It follows then from the Leibniz rule that we have
Dv˜pζ1 ` iζ2q Br pBsq “ pζs ` iζtq `
`
h2pebqebζ1
˘ Br “ DCv˜ pζ1 ` iζ2q BrpBsq.
Now consider the case when ζ is a section of v˜˚ξ, and is thus the lift ζ “ η˜ of a
section η of w˚TΣ. We computer∇sR “ r∇piξvsR “ ´12JY piξvsr∇sζ “Č∇wsη ´ K2 ωΣpws, ηqR´ 12αpvsqJY ζ,
and similarly for r∇t. We then obtain the following covariant derivatives of JY ,
where W˜ is a section of v˜˚ξ:
pr∇ζJY qBr “ r∇ζR´ JY r∇ζBr “ ´1
2
JY ζ
pr∇ζJY qR “ ´r∇ζBr ´ JY r∇ζR “ ´1
2
ζ
pr∇ζJY qW˜ “ r∇ζpJY W˜ q ´ JY r∇ζW˜
“ Č∇ηJΣW ´ K
2
ωΣpη, JΣW qR´ JY
ˆČ∇ηW ´ K
2
ωΣpη,W qR
˙
“ Čp∇ηJΣqW ´ K
2
ωΣpη, JΣW qR´ K
2
ωΣpη,W qBr.
It follows then
Dv˜ζ pBsq “ r∇sζ ` JY r∇tζ ` pr∇ζJY qv˜t
“ Ą∇sη ´ 1
2
αpvsqJY ζ ´ K
2
ωΣpws, ηqR` JY Ą∇tη ` 1
2
αpvtqζ ` K
2
ωΣpwt, ηqBr
´ 1
2
btJY ζ ´ 1
2
αpvtqζ ` Čp∇ηJΣqwt ´ K
2
ωΣpη, JΣwtqR´ K
2
ωΣpη, wtqBr
“ Ć9DΣwη `KωΣpwt, ηqBr ´KωΣpws, ηqR.
(Note that we use the fact that v˜s ` JY v˜t ` h1pebqBr “ 0 in the cancellations.)
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Writing ζ “ pζa, ζbq under the isomorphism v˜˚T pR ˆ Y q – pR ‘ RRq ‘ w˚TΣ,
we obtain the decomposition:
Dv˜pζa, ζbqpBsq “
ˆ
Daa Dab
Dba Dbb
˙ˆ
ζa
ζb
˙
pBsq.
Our calculations now establish that Daa “ DCv˜ and Dba “ 0, Dbb “ 9DΣw, and
DabζpBsq “ KωΣpwt, piΣζqBr ´KωΣpws, piΣζqR. Observe that in particular, Dab is
a pointwise linear map from v˜˚ξ|p to RBr ‘ RR. The map is surjective except at
critical points of the pseudoholomorphic map w, of which there are finitely many if
w is non-constant. The decay claim follows since w converges to a point, and thus
its derivatives decay exponentially fast.

Remark 5.23. Notice that for each puncture z P t˘8u Y Γ, if γptq denotes the
corresponding asymptotic Hamiltonian or Reeb orbit, the previous result allows us
to identify Vz with Tγp0qY at a Hamiltonian orbit and with R ˆ Tγp0qY at a Reeb
orbit.
Lemma 5.24. Let v˜ : R ˆ S1zΓ Ñ R ˆ Y be a finite hybrid energy Floer cylinder
with punctures Γ.
Then, the operator DCv˜ defined in Equation (5.5) is Fredholm for δ ą 0 sufficiently
small.
The restriction
DCv˜ |W 1,p,δ : W 1,p,δpRˆ S1zΓ,Cq Ñ Lp,δpHom0,1pT pRˆ S1zΓq,Cqq
has Fredholm index ´1´ 2#Γ if the positive puncture at `8 converges to a closed
Hamiltonian orbit and has Fredholm index ´2´ 2#Γ if the positive puncture con-
verges to Reeb orbit at `8ˆ Y .
If v˜ converges at both ˘8 to closed Hamiltonian orbits, then
DCv˜ : W
1,p,δ
V0
pRˆ S1zΓ,Cq Ñ Lp,δpHom0,1pT pRˆ S1zΓq,Cqq
has Fredholm index 1 and is surjective.
If, instead, v˜ converges at `8 to a closed Hamiltonian orbit, and at ´8 to a
closed Reeb orbit in t´8u ˆ Y , then DCv˜ has Fredholm index 2 and is surjective.
Finally, if v˜ converges at ˘8 to closed Reeb orbits in t˘8u ˆ Y , then DCv˜ has
Fredholm index 2 and is surjective.
In all three cases, the kernel of DCv˜ contains the constant section i, which can be
identified with the Reeb vector field.
Proof. We will apply the punctured Riemann–Roch Theorems 5.16 and 5.18. For
this, we need to compute the Conley–Zehnder indices of the appropriately per-
turbed asymptotic operators. We will first identify the (Morse–Bott degenerate)
asymptotic operators at each of the punctures, and then apply Corollary 5.14 to
obtain the Conley–Zehnder indices of the ˘δ-perturbed operators.
Recall from Remark 5.21 that we have |δ| ą 0 smaller than the spectral gap for
any of these punctures.
In order to consider the operator DCv˜ : W
1,p,δ
V0
Ñ Lp,δ, it will be convenient to
consider a related operator with the same formula, but on the much larger space of
functions with exponential growth. By a slight abuse of notation, we will use the
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same name:
DCv˜ : W
1,p,´δ Ñ Lp,´δ
pDCv˜F qpBsq “ Fs ` iFt `
ˆ
h2pebq eb 0
0 0
˙
F.
Then, the kernel and cokernel of the operator acting on the spaces of sections with
exponential growth can be identified with the kernel and cokernel of the operator
acting on W 1,p,δV0 , by Lemma 5.20.
First, consider the case when v˜ converges to a closed Hamiltonian orbit in tb˘uˆ
Y as sÑ ˘8. Then, the asymptotic operator associated to DCv˜ at ˘8 is given by
A˘ “ ´i d
dt
´
ˆ
h2peb˘q eb˘ 0
0 0
˙
.
In the case of δ–exponential decay, the relevant asymptotic operators are given by
A` ` δ at the positive puncture `8 and by A´ ´ δ at the negative puncture ´8.
In the case of δ–exponential growth, the relevant asymptotic operators are A` ´ δ
and A´ ` δ, respectively.
For the case of exponential decay, Corollary 5.14 then gives the Conley–Zehnder
index of 0 for A` ` δ and of 1 for A´ ´ δ.
In the case of exponential growth, Corollary 5.14 gives instead that the Conley–
Zehnder index of A` ´ δ is 1 and that of A´ ` δ is 0.
Associated to a Reeb puncture at ˘8 or at P P Γ, we have the asymptotic
operator
´i d
dt
.
Writing v˜ “ pb, vq : Rˆ S1zΓ Ñ Rˆ Y , we have bÑ ´8 at both types of negative
punctures and bÑ `8 at the positive puncture.
As above, in the case of exponential decay, the relevant asymptotic operators
are ´i ddt ` δ at a positive puncture and ´i ddt ´ δ at a negative puncture. Again,
by Corollary 5.14, we obtain a Conley–Zehnder index of ´1 at `8 and a Conley–
Zehnder indices of 1 at a negative puncture (´8 or P P Γ).
If, instead, we consider exponential growth, we obtain Conley–Zehnder indices
of `1 at positive punctures and ´1 at negative punctures.
Applying now the punctured Riemann–Roch theorem 5.16, and using the fact
that the Euler characteristic of the punctured cylinder is ´#Γ, we obtain that the
Fredholm index of
DCv˜ |W 1,p,δ : W 1,p,δpRˆ S1zΓ,Cq Ñ Lp,δpHom0,1pT pRˆ S1zΓq,Cqq
is given by
´#Γ´ c´ 1´#Γ “ ´c´ 1´ 2#Γ,
where c “ 0 if the positive puncture converges to a Hamiltonian orbit, and c “ 1 if
the positive puncture converges to a Reeb orbit at `8, as claimed.
The injectivity of DCv˜ restricted to W
1,p,δ follows from automatic transversality,
applying [Wen10, Proposition 2.2]. The criterion involves the adjusted Chern num-
ber [Wen10, Equations (2.4) and (2.5)]. In our situation, there are 1´ c punctures
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with even Conley–Zehnder index. This adjusted Chern number then becomes
c1pE, l,AΓq “ 1
2
pIndpDCv˜ |W 1,p,δq ´ 2`#Γ0q
“ 1
2
p´c´ 1´ 2#Γ´ 2` p1´ cqq “ ´#Γ´ 1´ c ă 0.
as necessary to apply [Wen10, Proposition 2.2].
Now, applying Theorem 5.18, we compute that the Fredholm index of
DCv˜ : W
1,p,δ
V0
pRˆ S1zΓ,Cq Ñ Lp,δpHom0,1pT pRˆ S1zΓq,Cqq
is given by
´#Γ`1´ p´#Γq ´
#
0 if v˜p´8q converges to a Hamiltonian orbit
´1 if v˜p´8q converges to a Reeb orbit
“ 1 or 2, depending on the negative end of v˜.
Furthermore, the fact that the curve has genus 0 and one puncture with even
Conley–Zehnder index precisely if limsÑ´8 v˜ is a Hamiltonian orbit implies that
c1pE, l,AΓq “
#
1
2 p1´ 2` 1q “ 0 if v˜p´8q converges to a Hamiltonian orbit
1
2 p2´ 2q “ 0 if v˜p´8q converges to a Reeb orbit
In either case, the adjusted Chern number is less than the Fredholm index. There-
fore, DCv˜ satisfies the automatic transversality criterion and is thus surjective, as
wanted.
It follows immediately from the expression for DCv˜ that the constant i is in the
kernel. Recalling that C “ v˜˚pR ‘ RRq in the splitting given by Lemma 5.22, we
then may identify this constant with the Reeb vector field R.

To summarize the results of this section, by Lemma 5.22, a punctured Floer
cylinder in RˆS1 is regular if the operators DCv˜ and 9DΣw are surjective. Surjectivity
of the latter is equivalent to surjectivity of DΣw. Lemma 5.24 gives the surjectivity
of DCv˜ . It thus remains to study transversality for D
Σ
w, specifically with respect
to the evaluation maps that will allow us to define the moduli spaces of chains of
pearls in Σ (see Section 5.3). Additionally, we need to consider transversality for
moduli spaces of planes in W asymptotic to Reeb orbits in Y , or equivalently, the
moduli spaces of spheres in X with an order of contact condition at Σ (see Section
5.4).
5.3. Transversality for chains of pearls in Σ. In this section and the next, we
show that for generic almost complex structure (in a sense to be made precise), the
moduli spaces of chains of pearls and moduli spaces of chains of pearls with spheres
in X (possibly augmented as well) are transverse. We begin with the definition of
several moduli spaces that will be useful.
Definition 5.25. Let JΣ P JΣ be an almost complex structure compatible with
ωΣ. Given p, q P CritpfΣq and a finite collection A1, . . . , AN P H2pΣ;Zq, let
M˚k,ΣppA1, . . . , AN q; q, p; JΣq
denote the space of simple chains of pearls in Σ from q to p (see Definition 5.5),
such that pwiq˚rCP1s “ Ai, with k marked points.
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Let
M˚k,ΣppA1, . . . , AN q; JΣq
denote the moduli space of N parametrized JΣ-holomorphic spheres in Σ, represent-
ing the classes Ai, i “ 1, . . . , N , with k marked points, also satisfying the simplicity
criterion of Definition 5.5, i.e. so each sphere is either somewhere injective or con-
stant, each constant sphere has at least one augmentation marked point, and no
sphere has image contained in the image of another.
For JW P JW , let JΣ “ P pJW q be the corresponding almost complex structure
in JΣ and JX the corresponding almost complex structure on X. Define
M˚k,pX,ΣqppB;A1, . . . , AN q;x, p, JW q
to be the moduli space of simple chains of pearls in Σ with a sphere in X (as
in Definitions 5.3 and 5.5), where x is a critical point of fW and p is a critical
point of fΣ, and representing the spherical homology classes rwis “ Ai P H2pΣ;Zq,
i “ 1, . . . , N and rvs “ B P H2pX;Zqz0. In the following, we will write
l “ B ‚ Σ “ KωpBq
which is the order of contact of v with Σ.
Let
M˚k,pX,ΣqppB;A1, . . . , AN q; JW q
denote the moduli space of N parametrized JΣ-holomorphic spheres in Σ, repre-
senting the classes Ai, and of a JX -holomorphic sphere in X representing the class
B with order of contact l “ B ‚Σ “ KωpBq, also satisfying the simplicity criterion
of Definition 5.5, i.e. so each sphere in Σ is either somewhere injective or constant
(if constant, it has at least one augmentation marked point), no image of a sphere
in Σ is contained in the image of another and the image of the sphere in X is not
contained in the tubular neighbourhood ϕpUq of Σ. Furthermore, the spheres in Σ
have k marked points.
Let
MX˚ppB1, B2, . . . , Bkq; JW q
denote the moduli space of k unparametrized JX -holomorphic spheres in X, where
each sphere is somewhere injective, no image of a sphere is contained in the image
of another sphere, and so the image of each sphere is not contained in the tubular
neighbourhood ϕpUq of Σ, and such that each sphere intersects Σ only at 8 P CP1
with order of contact Bi ‚ Σ. We can think of an unparametrized sphere as an
equivalence class of parametrized spheres, modulo the action of AutpCP1,8q “
AutpCq on the domain.
Finally, let
Mak,ΣppA1, . . . , AN q, pB1, . . . , Bkq; q, p; JW q
denote the moduli space of simple augmented chains of pearls in Σ with k unpara-
mentrized augmentation planes, and let
Mak,pX,ΣqppB;A1, . . . , AN q; pB1, . . . , Bkq;x, p; JW q
denote the moduli space of simple augmented chains of pearls with a sphere in X.
(See Definitions 5.4 and 5.5.)
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In order to apply the Sard–Smale Theorem, we need to consider Banach spaces
of almost complex structures, so we let J rΣ,J rW be the space of Cr–regular almost
complex structures otherwise satisfying the conditions of being in JΣ, JW . We
impose r ě 2 and in general will require r to be sufficiently large that the Sard–
Smale theorem holds (this will depend on the Fredholm indices associated to the
collection of homology classes and will also depend on the order of contact to Σ for
the spheres in X).
For each of these moduli spaces, we also consider the corresponding universal
moduli spaces as we vary the almost complex structure. For instance, we denote
by M˚k,ΣppA1, . . . , AN q,J rΣq the moduli space of pairs ppwiqNi“1, JΣq with JΣ P J rΣ
and pwiqNi“1 PM˚k,ΣppA1, . . . , AN q, JΣq.
The main goal of this section and of the next is to prove that these moduli spaces
of simple chains of pearls are transverse for generic almost complex structures. This
is analogous to [MS04, Theorem 6.2.6], and indeed, the transversality theorem of
McDuff–Salamon will be a key ingredient of our proof. Their Theorem 6.2.6 is
about transversality of the universal evaluation map to a specific submanifold ∆E
of the target, whereas our work in this section establishes transversality to some
other submanifolds. We will furthermore require an extension of the results from
[CM07] (see Section 5.4), and an additional technical transversality point needed
to be able to consider the lifted problem in Rˆ Y .
Proposition 5.26. There is a residual set J regW Ă JW such that J regΣ :“ P pJ regW q
is a residual set in JΣ and such that for all JΣ P J regΣ and JW P J regW , p P CritpfΣq,
q P CritpfΣq and x P CritpfW q, the moduli spaces M˚k,ΣppA1, . . . , AN q; q, p; JΣq,
M˚k,pX,ΣqppB;A1, . . . , AN q;x, p, JW q, Mak,ΣppA1, . . . , AN q, pB1, . . . , Bkq; q, p; JW q and
Mak,pX,ΣqppB;A1, . . . , AN q; pB1, . . . , Bkq;x, p; JW q are manifolds. Their dimensions
are
dim M˚k,ΣppA1, . . . , AN q; q, p; JΣq “ Mppq `
Nÿ
i“1
2 xc1pTΣq, Aiy ´Mpqq `N ´ 1` 2k,
dim M˚k,pX,ΣqppB;A1, . . . , AN q;x, p, JW q
“ Mppq `
Nÿ
i“1
2 xc1pTΣq, Aiy ` 2pxc1pTXq, By ´B ‚ Σq `Mpxq ´ 2pn´ 1q `N ´ 1` 2k
dim Mak,ΣppA1, . . . , AN q, pB1, . . . , Bkq; q, p; JW q
“ Mppq `
Nÿ
i“1
2 xc1pTΣq, Aiy ´Mpqq `N ´ 1`
kÿ
i“1
p2 xc1pTXq, Biy ´ 2Bi ‚ Σq ,
dim Mak,pX,ΣqppB;A1, . . . , AN q; pB1, . . . , Bkq;x, p; JW q
“ Mppq `
Nÿ
i“1
2 xc1pTΣq, Aiy ` 2pxc1pTXq, By ´B ‚ Σq `Mpxq ´ 2pn´ 1q`
`N ´ 1`
kÿ
i“1
p2 xc1pTXq, Biy ´ 2Bi ‚ Σq ,
where Mppq and Mpqq are the Morse indices of p, q P CritpfΣq and Mpxq is the
Morse index of x P CritpfW q.
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Proposition 5.27 ([MS04, Proposition 6.2.7]). M˚k,ΣppA1, . . . , AN q;J rΣq is a Ba-
nach manifold.
We will also make use of the following definition and proposition, the latter of
which we prove in the next section.
Definition 5.28. There is a universal evaluation map
evΣ : M˚k,ΣppA1, . . . , AN q;J rΣq Ñ Σ2N
pw1, . . . , wN q ÞÑ pw1p0q, w1p8q, w2p0q, w2p8q, . . . , wN p8qq.
Similarly, we have
evX,Σ : M˚k,pX,ΣqppB;A1, . . . , AN q;JW q Ñ X ˆ Σ2N`1
pv, w1, . . . , wN q ÞÑ pvp0q, vp8q, w1p0q, w1p8q, w2p0q, . . . , wN p8qq,
where v is the holomorphic sphere in X and the wi are the spheres in Σ.
We have an evaluation map coming from simple collections of spheres in X:
evaΣ : MX˚ppB1, B2, . . . , Bkq;J rW q Ñ Σk
pv1, . . . , vkq ÞÑ pv1p8q, v2p8q, . . . , vkp8qq.
For spheres in Σ, we also obtain evaluation maps at the augmentation punctures
evaΣ : M˚k,ΣppA1, . . . , AN q;J rΣq Ñ Σk
and
evaΣ : M˚k,pX,ΣqppB;A1, . . . , AN q;J rW q Ñ Σk.
We refer to these three maps denoted eva as augmentation evaluation maps.
Proposition 5.29. Let B0, . . . , Bk be spherical classes in H2pX;Zq. Let
r ě max
i
Bi ‚ Σ` 2.
The universal moduli space MX˚ppB1, . . . , Bkq;J rW q is a Banach manifold and
the evaluation maps
evaΣ : MX˚ppB1, . . . , Bkq;J rW q Ñ Σk : pf1, f2, . . . , fkq ÞÑ pf1p8q, . . . , fkp8qq
evX,Σ : MX˚ppB0q;J rW q Ñ X ˆ Σ : f ÞÑ pfp0q, fp8qq
are submersions.
Recall that we have chosen a Morse function fΣ : Σ Ñ R and a corresponding
gradient-like vector field ZΣ, such that pfΣ, ZΣq is a Morse–Smale pair. The time-
t flow of ZΣ is denoted by ϕ
t
ZΣ
and the stable (ascending) W sΣpqq and unstable
(descending) manifolds WuΣppq were defined in Equation (3.1). (Note that these are
the stable/unstable manifolds for the negative gradient flow.)
Definition 5.30. The flow diagonal in Σˆ Σ associated to the pair pfΣ, ZΣq is
∆fΣ :“
!
px, yq P pΣzCritpfΣqq2 | Dt ą 0 so y “ ϕtZΣpxq
)
where CritpfΣq is the set of critical points of fΣ.
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We will now establish transversality of the evaluation maps to appropriate prod-
ucts of stable/unstable manifolds, critical points, diagonals and flow diagonals. By
[MS04, Proposition 6.2.8], the key difficulty will be to deal with constant spheres.
For this, we will need the following lemma about evaluation maps intersecting with
the flow diagonals.
Lemma 5.31. Suppose f0 : M0 Ñ Σ and f1 : M1 Ñ Σ are submersions.
Then,
F : M0 ˆM1 Ñ Σ3
pm0,m1q ÞÑ pf0pm0q, f1pm1q, f1pm1qq
is transverse to ∆fΣ ˆ tpu for each point p P Σ.
Proof. Suppose F pm0,m1q “ px, p, pq P ∆fΣ ˆ tpu. Then, there exists t so that
φtZΣpxq “ φtZΣpf0pm0qq “ f1pm1q “ p.
Notice that
E :“ tpdφ´tZΣppqv, vq | v P TpΣu Ă Tpx,pq∆fΣ .
For notational simplicity, we write Φ “ dφ´tZΣppq.
It follows then that
dF pm0,m1q ¨ T pM0 ˆM1q ` pE ‘ 0q
“ tpdf0|m0v0 ` Φw, df1|m1v1 ` w, df1|m1v1q | v0 P Tm0M0, v1 P Tm1M1, w P TpΣu
“ TΣ‘ TΣ‘ TΣ
using the surjectivity of df0, df1. This then establishes the result, since E Ă
Tpx,pq∆fΣ . 
From this, we now obtain the following:
Lemma 5.32. Suppose M0 and B are manifolds and there is a map
ev “ pev´, ev`q : M0 Ñ B ˆ Σ
that is transverse to A ˆ pt, for a submanifold A of B and for all points pt P Σ.
Suppose also that M1 is a manifold with a submersion e : M1 Ñ Σ.
Then the map
eˆv : M0 ˆM1 Ñ B ˆ Σ3
pm,nq ÞÑ pev´pmq, ev`pmq, epnq, epnqq
is transverse to Aˆ∆fΣ ˆ pt, for all points pt P Σ.
Proof. We apply the previous Lemma, using f0 “ ev` and f1 “ e. Then, eˆvpm,nq “
pev´pmq, F pm,nqq. The transversality to Aˆ∆fΣˆpt follows by the transversality
of F to ∆fΣ ˆ pt together with the transversality of ev´ to A. 
Lemma 5.33. Let N ě 1, and let A1, . . . , AN be spherical homology classes in Σ
and let B be a spherical homology class in X.
Suppose that S Ă Σ2N´2 is obtained by taking the product of some number of
copies of ∆fΣ Ă Σ2 and of the complementary number of copies of tpp, pq | p P
CritpfΣqu Ă Σ2, in arbitrary order. Let ∆ Ă Σ2 denote the diagonal.
Then if
řN
i“1Ai ‰ 0, the universal evaluation map
evΣ : M˚k,ΣppA1, . . . , AN q;J rΣq Ñ Σ2N
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is transverse to the submanifold txu ˆ S ˆ tyu for all x, y P Σ.
If B ‰ 0, the universal evaluation map
evX,Σ : M˚k,pX,ΣqppB;A1, . . . , AN q;J rW q Ñ X ˆ Σ2N`1
is transverse to the submanifold txu ˆ∆ˆ S ˆ tyu for any x P X, y P Σ.
Proof. We consider the case of M˚k,Σ in detail, since the argument is essentially the
same for M˚k,pX,Σq, though notationally more cumbersome.
Suppose that ppv1, . . . , vN q, Jq PM˚k,ΣppA1, . . . , AN q;J rΣq is in the pre-image of
txu ˆ S ˆ tyu. Write S “ S1 ˆ S2 ˆ ¨ ¨ ¨ ˆ SN´1, where each Si Ă Σ2 is either the
flow diagonal or the set of critical points.
Notice that the simplicity condition then requires that if some sphere vi is con-
stant, 1 ă i ă N , we must have that Si´1 and Si are flow diagonals. If v1 is
constant, then S1 is a flow diagonal and if vN is constant, SN´1 is a flow diagonal.
We will proceed by induction on N . The case N “ 1 follows from [MS04,
Proposition 3.4.2].
Now, for the inductive argument, we suppose the result holds for any S Ă
Σ2pN´1q´2 of the form specified, and for any k ě 0, for any collection of N ´ 1
spherical classes, not all of which are zero.
Let now A1, . . . , AN be spherical homology classes, not all of which are zero.
Notice that each of these homology classes is represented by a JΣ–holomorphic
sphere, and thus has ωΣpAiq ě 0 for each i. In particular then, for such spherical
classes, for any 1 ď a ď b ď N , Aa, Aa`1 . . . , Ab are not all zero if and only ifřb
i“aAi ‰ 0. Then, at least one of A1, . . . , AN´1 or A2, . . . , AN is a collection of
spheres satisfying the hypotheses of the lemma. For simplicity of notation, let us
assume that A1` ¨ ¨ ¨`AN´1 ‰ 0. Let S0 “ S1ˆS2ˆ ¨ ¨ ¨ˆSN´2. Let k “ k0` kN
where kN is the number of marked points we consider on the last sphere. By the
induction hypothesis, we have that the evaluation map
M˚k0,ΣppA1, . . . , AN´1q;J rΣq Ñ Σ2pN´1q
is transverse to ptˆ S0 ˆ pt. Denote this map by ev0.
Notice thatM˚k,ΣppA1, . . . , AN q;J rΣq ĂM˚k0,ΣppA1, . . . , AN´1q;J rΣqˆM˚kN ,ΣpAN ;J rΣq.
Let then evN : M˚k,ΣppA1, . . . , AN q;J rΣq Ñ Σ2 be the evaluation at 0 and 8 in the
N -th sphere. We therefore have
evΣ : M˚k,ΣppA1, . . . , AN q;J rΣq Ñ Σ2N
given by evΣ “ pev0, evN q.
If AN ‰ 0, the result follows again from [MS04, Proposition 3.4.2].
If, instead, AN “ 0, we have from above that SN´1 “ ∆fΣ . Notice that the
evaluation map of constant spheres on Σ has image on the diagonal in ΣˆΣ. The
result now follows by applying Lemma 5.32.
The case with a sphere in X follows a nearly identical induction argument,
though the base case consists of a single sphere in X. The required submersion to
XˆΣ now follows from Proposition 5.29, and the induction proceeds as before. 
Proposition 5.34. Let N ě 0. Suppose that S Ă Σ2N´2 is obtained by taking the
product of some number of copies of ∆fΣ Ă Σ2 and of the complementary number
of copies of tpp, pq | p P CritpfΣqu Ă Σ2, in arbitrary order.
Let ∆ Ă ΣˆΣ denote the diagonal and let ∆k denote the diagonal Σk in ΣkˆΣk.
Let p, q be critical points of fΣ and let x be a critical point of fW .
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Then the universal evaluation maps together with augmentation evaluation maps
evΣˆ evaΣˆ evaΣ : M˚k,ΣppA1, . . . , AN q;J rΣq ˆMX˚ppB1, . . . , Bkq;J rW q Ñ Σ2N ˆ Σk ˆ Σk
evX,Σˆ evaΣˆ evaΣ : M˚k,pX,ΣqppB;A1, . . . , AN q;J rW q ˆMX˚ppB1, . . . , Bkq;J rW q Ñ X ˆ Σ2N`1 ˆ Σk ˆ Σk
are transverse to, respectively,
W sΣpqq ˆ S ˆWuΣppq ˆ∆k
WuXpxq ˆ∆ˆ S ˆWuΣppq ˆ∆k.
Proof. We will consider only the first case, the second being analogous. Notice first
that by Proposition 5.29 the augmentation evaluation map
evaΣ : MX˚ppB1, . . . , Bkq;J rW q Ñ Σk
is a submersion. It suffices therefore to prove that
evΣ : M˚k,ΣppA1, . . . , AN q;J rΣq Ñ Σ2N
is transverse to W sΣpqq ˆ S ˆWuΣppq.
The proposition follows immediately if at least one of the Ai, i “ 1, . . . , N is
non-zero, or if we are considering the case of a chain of pearls with a sphere in X,
by applying Lemma 5.33.
The only case then that must be examined is that of a chain of pearls entirely
in Σ with all spheres constant. In this case, the evaluation map from the moduli
space M˚k,Σpp0, 0, . . . , 0q,J rW q factors through the evaluation map
tpz1, . . . , zN q P ΣN | zi “ zj ùñ i “ ju ˆ J rW Ñ Σ2N .
Transversality follows from the Morse–Smale condition on the gradient-like vec-
tor field ZΣ. This gives that the intersection of W
s
Σpqq and WuΣppq is transverse,
and hence that the diagonal in Σ ˆ Σ is transverse to W sΣpqq ˆWuΣppq, which is
what we need when N “ 1. The case of N ě 2 is similar, using the description of
the tangent space to the flow diagonal at px, yq P ∆fΣ , such that ϕtZΣpxq “ y for
some t ą 0, as
Tpx,yq∆fΣ “ tpv, dϕtZΣpxqv ` cZΣpyqq | v P TxΣ, c P Ru Ă TxΣ‘ TyΣ.

Proposition 5.34 can be combined with standard Sard–Smale arguments, the fact
that P : J rW Ñ J rΣ is an open and surjective map and Taubes’s method for passing
to smooth almost complex structures (see for instance [MS04, Theorem 6.2.6]) to
give the following proposition:
Proposition 5.35. There exist residual sets of almost complex structures J regW Ă
JW and J regΣ “ P pJ regW q, so that for fixed JW P J regW and JΣ “ P pJW q, the
restrictions of the evaluation maps evΣˆ evaΣˆ evaΣ and evX,Σˆ evaΣˆ evaΣ to
M˚k,ΣppA1, . . . , AN q; JΣq ˆMX˚ppB1, . . . , Bkq; JW q and
M˚k,pX,ΣqppB;A1, . . . , AN q; JW q ˆMX˚ppB1, . . . , Bkq; JW q,
respectively, are transverse to the submanifolds of Proposition 5.34.
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The transversality statement of the main result of this section, Proposition 5.26
now follows. The dimension formulas follow from usual index arguments, combining
Riemann–Roch with contributions from the constraints imposed by the evaluation
maps.
5.4. Transversality for spheres in X with order of contact constraints in
Σ. We will now consider transversality for a chain of pearls with a sphere in X.
We will extend the results from Section 6 in [CM07]. In that paper, Cieliebak and
Mohnke prove that the moduli space of simple curves not contained in Σ, with a
condition on the order of contact with Σ, can be made transverse by a perturbation
of the almost complex structure away from Σ. We will extend this result to show
that additionally the evaluation map to Σ at the point of contact can be made
transverse. This can be useful, for instance, to define relative Gromov–Witten
invariants with constraints on homology classes in Σ.
Recall that Σ is a symplectic divisor and NΣ is its symplectic normal bundle
equipped with a Hermitian structure. Keeping in mind the discussion in Section 2
(in particular the identification of XzΣ with W in Lemma 2.5), we will by an abuse
of notation identify an almost complex struture onW with the corresponding almost
complex structure on X. We have fixed a symplectic neighbourhood ϕ : U Ñ X
where ϕ : U Ñ X is an embedding. From Definition 2.7, we require that all JX P JW
have that JX is standard in the image ϕpUq Ă X of this neighbourhood.
Fix an almost complex structure J0 P JW . We may suppose that P pJ0q P JΣ
is an almost complex structure in the residual set J regΣ given by Proposition 5.26,
though this isn’t strictly speaking necessary.
Let V :“ XzϕpUq. Following Cieliebak-Mohnke [CM07], let J pVq be the set
of all almost complex structures on X compatible with ω that are equal to J0 on
ϕpUq. Similarly, we will let J rpVq be the compatible almost complex structures of
Cr regularity.
To define the order of contact, consider an almost complex structure JX P JW
and a JX -holomorphic sphere f : CP1 Ñ X with fp0q P Σ, an isolated intersection.
Choose coordinates s`it “ z P C on the domain and local coordinates near fp0q P Σ
on the target, such that fp0q P Σ Ă X corresponds to 0 P Cn´1 “ Cn´1 ˆ t0u Ă
Cn´1 ˆ C. Write piC : Cn Ñ C for projection onto the last coordinate (which is to
be thought of as normal to Σ). Assume also that JXp0q “ i. Then, f has contact of
order l at 0 if the vector of all partial derivatives of orders 1 through l (denoted by
dlfp0q) has trivial projection to C. We can write this condition as dlfp0q P Tfp0qΣ.
We define then the order of contact at an arbitrary point in CP1 by precomposing
with a Mo¨bius transformation. (This is well-defined, by [CM07, Lemma 6.4].)
Define the space of simple pseudoholomorphic maps into X that have order of
contact l at 8 to a point in Σ to be
M˚8,l,pX,ΣqpJW q :“ tpf, JXq PWm,ppCP1, Xq ˆ JW | BJXf “ 0,
fp8q P Σ, dlfp8q P Tfp8qΣ,
f simple, f´1pVq ‰ Hu
where we require m ě l ` 2. Note that our notation differs somewhat from the
notation in [CM07].
In this section, we need to have a higher regularity on our Sobolev spaces to
make sense of the order of contact condition. For the remaining moduli spaces, for
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simplicity of notation, we have taken m “ 1, where this is not a problem. Notice
that by elliptic regularity, the moduli spaces themselves are manifolds of smooth
maps, and are independent of the choice of m. This only affects the classes of
deformations we consider in setting up the Fredholm theory.
In this section, we will prove Proposition 5.29, which was stated and used above:
Proposition 5.29. Let B0, . . . , Bk be spherical classes in H2pX;Zq. Let
r ě max
i
Bi ‚ Σ` 2.
The universal moduli space MX˚ppB1, . . . , Bkq;J rW q is a Banach manifold and
the evaluation maps
evaΣ : MX˚ppB1, . . . , Bkq;J rW q Ñ Σk : pf1, f2, . . . , fkq ÞÑ pf1p8q, . . . , fkp8qq
evX,Σ : MX˚ppB0q;J rW q Ñ X ˆ Σ : f ÞÑ pfp0q, fp8qq
are submersions.
Notice that it suffices to prove this when considering only pairs pf, JXq PMX˚ppB0q;J rW q
with the additional condition that JX P J rpVq.
We also observe that if l “ B0‚Σ, we have thatMX˚ppB0q;JW q ĂM˚8,k,pX,ΣqpJW q
for each k ď l. Furthermore, MX˚ppB0q;JW q is a connected component ofM˚8,l,pX,ΣqpJW q.
This observation will enable us to obtain the result by inducting on k.
The proposition will follow by a modification of the proof given in [CM07, Section
6]. Instead of reproducing their proof, we indicate the necessary modifications. In
order to be as consistent as possible with their notation, we consider the point of
contact with Σ to be at 0.
Consider a JX -holomorphic map f : CP1 Ñ X such that fp0q P Σ with order
of contact l. In the notation of [CM07], we are interested in the case of only one
component Z “ Σ. We will obtain transversality of the evaluation map at 0 by
varying JX freely in the complement of our chosen neighbourhood of the divisor,
V “ XzϕpUq.
The linearized Cauchy–Riemann operator at f with respect to a torsion-free
connection is
pDfξqpzq “ ∇sξpzq ` JXpfpzqq∇tξpzq ` p∇ξpzqJXpfpzqqq ftpzq.
At a coordinate chart around z “ 0, we can specialize to the standard Euclidean
connection in R2n “ Cn (which preserves Cn´1 along Cn´1), we get
pDfξqpzq “ ξspzq ` JXpfpzqqξtpzq `Apzqξpzq
where
Apzqξpzq “ pDξpzqJXpfpzqqq ftpzq
(see also page 317 in [CM07]).
We need the following adaptation of Corollary 6.2 in [CM07].
Lemma 5.36. Suppose pf, JXq PM˚8,l,pX,ΣqpJ rW q with JX P J rpVq, r ě m.
After choosing local coordinates, suppose fp0q P Σ and in coordinates around
fp0q, Σ is mapped to Cn´1 and is thus preserved by JX .
Denote the unit disk by D2 and let ξ : pD2, 0q Ñ pCn, 0q be such that Dfξ “ 0.
Given 0 ă k ď l, if ξp0q P Cn´1, dk´1ξp0q P Cn´1 and BkξBsk p0q P Cn´1, then
dkξp0q P Cn´1.
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Proof. We need to show that B
kξ
Bsk´iBti p0q P Cn´1 for all 0 ď i ď k. It will be con-
venient to use multi-index notation for partial derivatives, and denote the previous
expression by Dpk´i,iqξp0q. The case i “ 0 is part of the hypotheses of the Lemma.
For the induction step, note that Dfξ “ 0 combined with the product rule implies
that
Dpk´i,iqξpzq “ JXpfpzqq
´
Dpk´i`1,i´1qξpzq`
ÿ
α,β
DαpJXpfpzqqDβξpzq`
ÿ
α1,β1
Dα
1
ApzqDβ1ξpzq
¯
.
Here, α and β are multi-indices such that α “ pa1, a2q for 0 ď a1 ď k ´ i, 0 ď a2 ď
i ´ 1, α ‰ p0, 0q and α ` β “ pk ´ i, iq. Similarly, α1 and β1 are multi-indices such
that α1 “ pa11, a12q for 0 ď a11 ď k´ i, 0 ď a12 ď i´ 1 and α1`β1 “ pk´ i, i´ 1q. The
hypotheses of the Lemma and the induction hypothesis implie that the derivatives
of ξ on the right hand side take values in Tfp0qΣ. The fact that JX and ∇ preserve
Cn´1 along Cn´1, and that dlfp0q P Tfp0qΣ, implies the induction step. 
We now prove the key property of the linearized evaluation map:
Proposition 5.37. For m´ 2{p ą l, r ě m, the universal evaluation map
evX,Σ : M˚8,l,pX,ΣqpJ rW q Ñ Σ
pf, JXq ÞÑ fp0q
is a submersion.
Proof. We show that for every 0 ď k ď l, and pf, JXq PM˚8,k,pX,ΣqpJ rpVqq,
pd evX,Σqpf,JXq : Tpf,JXqM˚8,k,pX,ΣqpJ rpVqq Ñ Tfp0qΣ
pξ, Y q ÞÑ ξp0q
is surjective. By Lemma 6.5 in [CM07],
Tpf,JXqM˚8,k,pX,ΣqpJ rpVqq “ tpξ, Y q PTfWm,ppCP1, Xq ˆ TJXJ rpVq |
Dfξ ` 1
2
Y pfq ˝ df ˝ j “ 0,
ξp0q P Tfp0qΣ, dkξp0q P Tfp0qΣu.
We argue by induction on k. The case k “ 0 is a special case of Proposition 3.4.2
in [MS04]. We assume that the claim is true for k ´ 1 and prove it for k.
Take any v P Tfp0qΣ. By induction, there is pξ1, Y1q P Tpf,JXqM˚8,k´1,pX,ΣqpJ rpVqq
such that pd evX,Σqpf,JXqpξ1, Y1q “ v and dk´1ξ1p0q P Tfp0qΣ. Let now ξ˜ P TfWm,ppCP1, Xq
be given by
ξ˜pzq “ ´z
k
k!
βpzqpiC
ˆ Bk
Bsk ξ1
˙
p0q
where β : C Ñ r0, 1s is a smooth function that is identically 1 near 0 and has
compact support contained in Czf´1pVq. Writing
pDfξqpzq “ ξspzq ` iξtpzq ` pJXpfpzqq ´ iqξtpzq `Apzqξpzq
we have pDf ξ˜qp0q “ 0 and dk´1pDf ξ˜qp0q “ 0 (this follows the fact that ξ˜s` iξ˜t ” 0
near 0). By Lemma 6.6 in [CM07], there is pξˆ, Yˆ q P TfWm,ppCP1, Xq ˆ TJXJ pVq
such that ξˆp0q “ 0, dkpξˆqp0q “ 0 and
Df ξˆ ` 1
2
Yˆ pfq ˝ df ˝ j “ ´Df ξ˜.
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Let now ξ2 “ ξ1 ` ξ˜ ` ξˆ and Y2 “ Y1 ` Yˆ . We have
Dfξ2 ` 1
2
Y2pfq ˝ df ˝ j “ 0
as well as ξ2p0q “ v, dk´1pξ2qp0q P Tfp0qΣ and piC
´
Bk
Bsk ξ2
¯
p0q “ 0. Lemma 5.36
implies that dkpξ2qp0q P Tfp0qΣ, hence pξ2, Y2q P Tpf,JXqM˚8,l,pX,ΣqpJ rW q. This
completes the proof. 
Observe now that by combining this with standard arguments (see, for instance,
[MS04, Proposition 3.4.2], which is also used in the proof of Proposition 5.26 above),
we obtain the transversality for the evaluation at a point, taking values in X. This
finishes the proof of Proposition 5.29.
5.5. Proof of Proposition 5.9. We are now ready to complete the proof of Propo-
sition 5.9. To this end, we will show that the transversality problem for a cascade
reduces to the already solved transversality problem for chains of pearls. The two
key ingredients of this are the splitting of the linearized operator given by Lemma
5.22 and a careful study of the flow-diagonal in Y ˆ Y .
Recall from Definition 2.7 that JY denotes the space of compatible, cylindrical,
Reeb–invariant almost complex structures on R ˆ Y . These are obtained as lifts
of the almost complex structures in JΣ. Let J regY be the set of almost complex
structures on R ˆ Y that are lifts of the almost complex structures in J regΣ (see
Proposition 5.35).
Recall from Definition 2.7 and from Proposition 2.3, if JW P JW is an almost
complex structure on W that is of the type we consider, it induces an almost
complex structure P pJW q “ JΣ P JΣ. The restriction of JW to the cylindrical end
of W , JY , is then a translation and Reeb-flow invariant almost complex structure
on Rˆ Y that has dpiΣJY “ JΣdpiΣ.
Recall that the biholomorphism ψ : W Ñ XzΣ given in Lemma 2.5 allows us to
identify holomorphic planes in W with holomorphic spheres in X. In the following,
we will suppress the distinction when convenient.
Recall also that by the definition of an admissible Hamiltonian (Definition 3.1),
for each non-negative integer m, there exists a unique bm so that h
1pebmq “ m.
Then Ym “ tbmuˆY Ă RˆY is the corresponding Morse–Bott family of 1-periodic
Hamiltonian orbits that wind m times around the fibre of Y Ñ Σ.
We now define moduli spaces of Floer cylinders, from which we will extract the
moduli spaces of cascades by imposing the gradient flow-line conditions. First, we
define the moduli spaces relevant for the differential connecting two generators in
RˆY . Then, we will define the moduli spaces relevant for the differential connecting
to a critical point in W .
Definition 5.38. Let N ě 1, let A1, . . . , AN P H2pΣ;Zq be spherical homology
classes. Let JY P JY .
Define M˚H,k,RˆY ;k´,k`ppA1, . . . , AN q; JY q to be a set of tuples of punctured
cylinders pv˜1, . . . , v˜N q with the following properties:
(1) There is a partition of Γ “ Γ1Y ¨ ¨ ¨ YΓN of k augmentation marked points
with
v˜i : Rˆ S1zΓi Ñ Rˆ Y
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so that v˜i is a finite hybrid energy punctured Floer cylinder. For each
zj P Γ, there is a positive integer multiplicity kpzjq. Let vi denote the
projection to Y .
(2) There is an increasing list of N ` 1 multiplicities from k´ to k`:
k´ “ k0 ă k1 ă k2 ă ¨ ¨ ¨ ă kN “ k`
such that, for each i, the cylinder v˜i has multiplicities ki and ki´1 at ˘8,
i.e. v˜ip`8, ¨q P Yki , v˜ip´8, ¨q P Yki´1 .
(3) The Floer cylinders v˜i are simple in the sense that their projections to Σ
are either somewhere injective or constant, if constant, they have at least
one augmentation puncture, and their images are not contained one in the
other.
(4) For each i, and for every puncture zj P Γi, the augmentation puncture has
a limit whose multiplicity is given by kpzjq; i.e. limρÑ´8 vipzj ` e2pipρ`iθqq
is a Reeb orbit of multiplicity kpzjq.
(5) The projections of the Floer cylinders to Σ represent the homology classes
Ai, i “ 1, . . . , N ; i.e. ppiΣpv˜iqqNi“1 PM˚kppA1, . . . , AN q, JΣq.
Let B P H2pX;Zq be a spherical homology class, B ‰ 0. Let JW be an almost
complex structure on W as given by Lemma 2.5, matching JY on the cylindrical
end.
Definition 5.39. Define the moduli space
M˚H,k,W ;k` ppB;A1, . . . , AN q; JW q
to consist of tuples
pv˜0, v˜1, . . . , v˜N q
with the properties
(1) The map v˜0 : R ˆ S1 Ñ W is a finite energy holomorphic cylinder with
removable singularity at ´8.
(2) There is a partition of Γ “ Γ1Y ¨ ¨ ¨ YΓN of k augmentation marked points
with
v˜i : Rˆ S1zΓi Ñ Rˆ Y, i ě 1,
so that each v˜i is a finite hybrid energy punctured Floer cylinder. For
each zj P Γ, there is a positive integer multiplicity kpzjq. Denote by vi the
projection of v˜i to Y .
(3) There is an increasing list of N ` 1 multiplicities:
k0 ă k1 ă k2 ă ¨ ¨ ¨ ă kN “ k`
(4) For each i ě 1, and for every puncture zj P Γi, the augmentation punc-
ture has a limit whose multiplicity is given by kpzjq; i.e. limρÑ´8 vipzj `
e2pipρ`iθqq is a Reeb orbit of multiplicity kpzjq.
(5) The Floer cylinders v˜i for i ě 1 are simple, in the strong sense that the
projections to Σ are somewhere injective or constant, and have images not
contained one in the other. The cylinder v˜0 is somewhere injective in W .
(6) The projections of the Floer cylinders to Σ represent the homology classes
Ai, i “ 1, . . . , N ; i.e. piΣpv˜iqqNi“1 PM˚kppB;A1, . . . , AN q, JW q.
(7) After identifying v˜0 with a holomorphic sphere in X, v˜0 represents the
homology class B P H2pX;Zq.
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(8) The cylinder v˜1 has multiplicity k1 at `8 and v˜1p`8, ¨q P Yk1 . At ´8, v˜1
converges to a Reeb orbit in t´8u ˆ Y . This Reeb orbit has multiplicity
k0.
(9) For each i ě 2, the cylinder v˜i has multiplicities ki and ki´1 at ˘8:
v˜ip`8, ¨q P Yki , v˜ip´8, ¨q P Yki´1 .
(10) The cylinder v˜0 converges at `8 to a Reeb orbit of multiplicity k0.
Observe that these moduli spaces are non-empty only if for each i “ 1, . . . , N ,
KωpAiq “ ki ´ ki´1 ´
ÿ
zPΓi
kpzq.
Furthermore, for M˚H,k,W , we must also have
B ‚ Σ “ KωpBq “ k0.
Note also that these moduli spaces have a large number of connected components,
where different components have different partitions of Γ or different intermediate
multiplicities.
Identifying holomorphic spheres in X with finite energy JW -planes in W , we
consider also the moduli space of holomorphic planes MX˚ppB1, . . . , Bkq; JW q as in
Definition 5.25.
The space M˚H,k,RˆY ppA1, . . . , AN q; JY q consists of N -tuples of somewhere in-
jective punctured Floer cylinders in Rˆ Y . Similarly, M˚H,k,W consist of N -tuples
of punctured Floer cylinders in R ˆ Y together with a holomorphic plane in W
(which we can therefore also interpret as a holomorphic sphere in X). The cylin-
ders and the eventual plane have asymptotics with matching multiplicities, but are
otherwise unconstrained. These two moduli spaces, M˚H,k,RˆY and M˚H,k,W fail
to be simple split Floer cylinders with cascades (as in Definition 5.8) in two ways:
they are missing the gradient trajectory constraints on their asymptotic evalua-
tion maps, and they are missing their augmentation planes. In order to impose
these conditions, we will need to study these evaluation maps and establish their
transversality.
Proposition 5.40. For JY P J regY , M˚H,k,RˆY ppA1, . . . , AN q; JY q is a manifold of
dimension
Np2n´ 1q `
Nÿ
i“i
2 xc1pTΣq, Aiy ` 2k.
For JW P J regW , M˚H,k,W ppB;A1, . . . , AN q; JW q is a manifold of dimension
Np2n´ 1q ` 2n` 1`
Nÿ
i“i
2 xc1pTΣq, Aiy ` 2pxc1pTXq, By ´B ‚ Σq ` 2k.
Proof. Consider first the case of cylinders in Rˆ Y . Let
pv˜1, . . . , v˜N q PM˚H,k,RˆY ppA1, . . . , AN q; JY q .
Recall from Proposition 5.26 that for JΣ P J regΣ , we have transversality for DΣwi
for each sphere wi “ piΣpviq.
Let δ ą 0 be sufficiently small. For each i “ 1, . . . , N , by Lemma 5.24, DCv˜i is
surjective when considered onW 1,p,´δ (with exponential growth), and has Fredholm
index 1. The operator considered instead on the space W 1,p,δV , with V´8 “ V`8 “
44 LUI´S DIOGO AND SAMUEL T. LISI
iR and VP “ C for any puncture P on the domain of v˜i, has the same kernel and
cokernel by Lemma 5.20. Thus, the operator, acting on sections free to move in the
Morse–Bott family of orbits, is surjective and has index 1.
Since the operator Dv˜i is upper triangular from Lemma 5.22, and its diagonal
components are both surjective, the operator is surjective. Since the Fredholm
index is the sum of these, each component v˜i contributes an index of 1` 2n´ 2`
2 xc1pTΣq, Aiy ` 2ki “ 2n ´ 1 ` 2 xc1pTΣq, Aiy ` 2ki, where ki is the number of
punctures.
We now consider the case of a collection
pv˜0, v˜1, . . . , v˜N q PM˚H,k,W ppB;A1, . . . , AN q; JW q .
The same consideration as previously gives that v˜2, . . . , v˜N are transverse and each
contributes an index of 2n ´ 1 ` 2 xc1pTΣq, Aiy ` 2ki, where ki is the number
of punctures. For the component v˜1, again applying Lemma 5.22 and applying
Lemma 5.24 in the case where the ´8 end of the cylinder converges to a Reeb
orbit at t´8uˆY , we obtain that the vertical Fredholm operator is surjective and
has index 2. The linearized Floer operator at v˜1 is then surjective and has index
2n ` 2 xc1pTΣq, A1y ` 2k1. By Lemma 2.5, the plane v˜0 can be identified with a
sphere in X with an order of contact l “ B ‚ Σ with Σ. Its Fredholm index is
2n` 2pxc1pTXq, By ´ lq. The total Fredholm index is therefore
pN ´ 1qp2n´ 1q ` 2n` 2n`
Nÿ
i“i
2 xc1pTΣq, Aiy ` 2pxc1pTXq, By ´B ‚ Σq ` 2k.
For both cases, the result now follows from the implicit function theorem. 
It now suffices to prove the transversality of evaluation maps to the products
of stable/unstable manifolds and flow diagonals, and also transversality of the
augmentation evaluation maps, in order to obtain the constraints coming from
pseudo-gradient flow lines. Indeed, let pv˜1, . . . , v˜N q be a collection of N cylinders
in M˚H,k,RˆY ;k´,k` ppA1, . . . , AN q; JY q. Write each of the v˜i : Rˆ S1 Ñ Rˆ Y as a
pair v˜i “ pbi, viq. We then have asymptotic evaluation maps
(5.8)revY : M˚H,k,RˆY ;k´,k` ppA1, . . . , AN q; JY q Ñ Y 2N
pv˜1, . . . , v˜N q ÞÑ
ˆ
lim
sÑ´8 v1ps, 1q, limsÑ`8 v1ps, 1q, . . . , limsÑ´8 vN ps, 1q, limsÑ`8 vN ps, 1q
˙
.
If pv˜0, v˜1, . . . , v˜N q PM˚H,k,W ppB;A1, . . . , AN q; JW q, we have
(5.9)revW,Y : M˚H,k,W ;k` ppB;A1, . . . , AN q; JW q ÑW ˆ Y 2N`1
pv˜0, v˜1, . . . , v˜N q ÞÑ
ˆ
v˜0p0q, lim
rÑ`8piY v˜0pr ` i0q, limsÑ´8 v1ps, 1q, . . . , limsÑ`8 vN ps, 1q
˙
.
These maps are C1 smooth, which follows from exploiting the asymptotic expan-
sion of a Floer cylinder near its asymptotic limit, as described by [Sie08]. Details
for this are given in [FS17].
We also have augmentation evaluation maps. For each puncture z0 P Γ, there
exists an index i P t1, . . . , Nu so that the augmentation puncture z0 is a puncture
in the domain of vi. For this augmentation puncture, we have the asymptotic
MORSE–BOTT SPLIT SYMPLECTIC HOMOLOGY 45
evaluation map vi ÞÑ limzÑz0 piΣpvipzqq P Σ. Combining all of these evaluation
maps over all punctures in Γ, we obtainrevaΣ : M˚H,k,RˆY ;k´,k` ppA1, . . . , AN q; JY q Ñ ΣkrevaΣ : M˚H,k,W ;k` ppB;A1, . . . , AN q; JW q Ñ Σk.
Note that these maps are C1 smooth, either by [FS17] or by combining [Wen16b,
Proposition 3.15] with the smoothness for the evaluation map for closed spheres.
Define the flow diagonal in Y ˆ Y to ber∆fY :“  px, yq P pY zCritpfY qq2 : Dt ą 0 s.t. ϕtZY pxq “ y(
where CritpfY q is the set of critical points of fY .
Let p˜, q˜ P Y be critical points of fY and let WuY pp˜q, W sY pq˜q be the unstable/stable
manifolds of p˜, q˜, as in (3.1).
We may now describe the moduli space of simple split Floer cylinders from q˜k´ to
p˜k` as the unions of the fibre products of these moduli spaces under the asymptotic
evaluation maps and augmentation evaluation maps. For notational convenience,
we write
(5.10)rev : M˚H,k,RˆY ;k´,k` ppA1, . . . , AN q; JY q ˆMX˚ppB1, . . . , Bkq; JW q Ñ Y 2N ˆ Σk ˆ Σk
pv˜,vq ÞÑ p revY pv˜q, revaΣpv˜q, evaΣpvqq .
Write ∆Σk Ă Σk ˆ Σk to denote the diagonal Σk. Then, define
MH˚pq˜k´ , p˜k` ; pA1, . . . , AN q, pB1, . . . , Bkq; JW q “ rev´1 ˆW sY pq˜q ˆ ´∆˜fY ¯N´1 ˆWuY pp˜q ˆ∆Σk˙ .
From this, we have
MH˚,N pq˜k´ , p˜k` ; JW q “ď
pA1,...,AN q
ď
kě0
ď
pB1,...,Bkq
MH˚pq˜k´ , p˜k` ; pA1, . . . , AN q, pB1, . . . , Bkq; JW q.(5.11)
Similarly, if x PW is a critical point of fW , and letting WuW pxq be the descending
manifold of x in W for the gradient-like vector field ´ZW , we definerev : M˚H,k,W ;k` ppB;A1, . . . , AN q; JW q ˆMX˚ppB1, . . . , Bkq; JW q ÑW ˆ Y 2N`1 ˆ Σk ˆ Σk
ppv˜0, v˜q,vq ÞÑ p revW,Y pv˜0, v˜q, revaΣpv˜q, evaΣpvqq .
Then, define
MH˚px, p˜k` ; pB;A1, . . . , AN q,pB1, . . . , Bkq; JW q “
rev´1 ˆWuW pxq ˆ r∆ˆ ´r∆fY ¯N´1 ˆWuY pp˜q ˆ∆Σk˙ .
Finally, we obtain
MH˚,N px, p˜k` ; JW q “ď
pB;A1,...,AN q
ď
kě0
ď
pB1,...,Bkq
MH˚px, p˜k` ; pB;A1, . . . , AN q, pB1, . . . , Bkq; JW q.
(5.12)
In order to establish transversality for our moduli spaces, it then becomes nec-
essary to show transversality of the evaluation maps to these products of descend-
ing/ascending manifolds, diagonals and flow diagonals. Recall the space of almost
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complex structures J regW given in Proposition 5.35. We denoted by J regY the space
of cylindrical almost complex structures on R ˆ Y obtained from restrictions of
elements in J regW . The following result will provide the final step in the proof of
Proposition 5.9.
Proposition 5.41. Let JW P J regW and let JY P J regY be the induced almost complex
structure on Rˆ Y .
Let q˜, p˜ denote critical points of fY , and let x be a critical point of fW in W .
Let k` and k´ be non-negative multiplicities, k` ą k´.
Let A1, . . . , AN be spherical homology classes in Σ, let B,B1, . . . , Bk be spherical
homology classes in X, k ě 0.
Let ∆˜ Ă Y ˆ Y and ∆Σk Ă Σk ˆ Σk be the diagonals.
Then,
(1) the evaluation maprevYˆ revaΣˆevaΣ : M˚H,k,RˆY ;k´,k` ppA1, . . . , AN q; JY qˆMX˚ppB1, . . . , Bkq; JW q Ñ Y 2NˆΣkˆΣk
is transverse to the submanifold
W sY pq˜q ˆ
´
∆˜fY
¯N´1 ˆWuY pp˜q ˆ∆Σk .
(2) the evaluation maprevW,Yˆ revaΣˆevaΣ : M˚H,k,W ;k` ppB;A1, . . . , AN q; JW qˆMX˚ppB1, . . . , Bkq; JW q ÑWˆY 2N`1ˆΣkˆΣk
is transverse to the submanifold
WuW pxq ˆ ∆˜ˆ
´
∆˜fY
¯N´1 ˆWuY pp˜q ˆ∆Σk .
In order to prove this proposition, we will need a better description of the rela-
tionship between the moduli spaces of spheres in Σ, and the moduli spaces of Floer
cylinders in Rˆ Y (or in W ).
Lemma 5.42. The maps
piMΣ : M˚H,k,RˆY ;k´,k` ppA1, . . . , AN q; JY q ÑM˚k,ΣppA1, . . . , AN q; JΣq
piMΣ : M˚H,k,W ;k` ppB;A1, . . . , AN q; JW q ÑM˚k,X,ΣppB;A1, . . . , AN q; JW q
induced by piΣ : R ˆ Y Ñ Σ are submersions. The fibres have a locally free pS1qN
torus action by constant rotation by the action of the Reeb vector field.
Proof. We will study the case of
piMΣ : M˚H,k,RˆY ppA1, . . . , AN q; JY q ÑM˚k,ΣppA1, . . . , AN q; JΣq
in detail. The case with a sphere in X follows by the same argument with a small
notational change. It also suffices to consider the case with N “ 1, since moduli
spaces with more spheres are open subsets of products of these.
Suppose piΣpv˜q “ w with v˜ P M˚H,k,RˆY ;k´,k`pA; JY q and w P M˚k,ΣpA; JΣq.
Recall the splitting of the linearized Floer operator at v˜, given in Lemma 5.22 as
Dv˜ “
ˆ
DCv˜ M
0 DΣw
˙
.
By definition, TwM˚k,ΣpAq “ kerDΣw and Tv˜M˚H,k,RˆY ;k´,k`pA; JY q “ kerDv˜.
By Lemma 5.24, DCv˜ is surjective. It follows then that any section ζ0 of w
˚TΣ that
MORSE–BOTT SPLIT SYMPLECTIC HOMOLOGY 47
is in the kernel of DΣw can be lifted to a section pζ1, ζ0q of v˜˚TΣ – pR‘RRq‘w˚TΣ
that is in the kernel of Dv˜.
Notice now that dpiΣpζ1, ζ0q “ ζ0, establishing that the evaluation map is a
submersion.
Also observe that S1 acts on the curve v˜ by the Reeb flow. By the Reeb invariance
of JY and of the admissible Hamiltonian H, the rotated curve is in the same fibre
of piMΣ . Furthermore, for small rotation parameter, the curve will be distinct (as a
parametrized curve) from v˜. 
The next result justifies why it was reasonable to assume k` ą k´ in Proposition
5.41. The fact that k` ‰ k´ will also be used below.
Lemma 5.43. Let A :“ rws P H2pΣ;Zq, where w : CP1 Ñ Σ is the continuous
extension of piΣ ˝ v˜. Assume that either A ‰ 0 or Γ ‰ H. Then, k` ą k´.
Proof. Denote by w˚Y the pullback under w of the S1-bundle Y Ñ Σ. The map
v˜ gives a section s of w˚Y , defined in the complement of Γ Y t0,8u. By [BT82,
Theorem 11.16], the Euler number
ş
CP1 epw˚Y q (where e is the Euler class) is the
sum of the local degrees of the section s at the points in ΓY t0,8u.
Denote the multiplicities of the periodic XH -orbits x˘ptq “ limsÑ˘8 vps, tq by
k˘, respectively, and denote the multiplicities of the asymptotic Reeb orbits at the
punctures z1, . . . , zm P Γ by k1, . . . , km, respectively. The positive integers k˘ and
ki are the absolute values of the degrees of s at the respective points. Taking signs
into account, we get ż
CP1
epw˚Y q “ k` ´ k´ ´ k1 ´ . . .´ km.
We will show that this quantity is non-negative. We haveż
CP 1
epw˚Y q “
ż
CP1
w˚epY Ñ Σq “
ż
CP1
w˚epNΣq
where NΣ is the normal bundle to Σ in Y . Now, epNΣq “ s˚ThpNΣq, where
s : Σ Ñ NΣ is the zero section and ThpNΣq is the Thom class of NΣ [BT82,
Proposition 6.41]. If j : NΣ Ñ X is a tubular neighborhood, then j˚ThpNΣq “
PDprΣsq “ rKωs P H2pX;Rq [BT82, Equation (6.23)]. If ι : Σ ãÑ X is the inclu-
sion, then ż
CP1
w˚epNΣq “
ż
CP1
w˚s˚ ThpNΣq “
ż
CP1
w˚ι˚j˚ThpNΣq “
“
ż
CP1
w˚ι˚Kω “ KωpAq ě 0
since K ą 0 and w is a JΣ-holomorphic sphere. We conclude that
k` ´ k´ ´ k1 ´ . . .´ km “ KωpAq ě 0.
If A ‰ 0, we get a strict inequality. If A “ 0, we get an equality, but the assumptions
of the Lemma imply that
řm
i“1 ki ą 0. In either case, we get k` ą k´, as wanted.

Recall that the gradient-like vector field ZY has the property that dpiΣZY “ ZΣ.
Also recall that we may use the contact form α as a connection to lift vector
fields from Σ to vector fields on Y , tangent to ξ. If V is a vector field on Σ, we
write piΣ˚V :“ rV to be the vector field on Y uniquely determined by the conditions
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αpV q “ 0, dpiΣ rV “ V . This extends as well to lifting vector fields on Σ ˆ Σ to
vector fields on Y ˆ Y .
Lemma 5.44. The flow diagonal in Y satisfies
piΣpr∆fY q Ă ∆fΣ Y tpp, pq | p P CritpfΣqu.
Let px˜, y˜q P r∆fY and x “ piΣpx˜q, y “ piΣpy˜q. Let t ą 0 be so that y˜ “ ϕtZY px˜q.
Then, if x “ y, we have x P CritpfΣq and
(5.13)
Tpx˜,y˜q r∆fY “ tpaR` v, bR` piΣ˚dϕtZΣdpiΣvq P TY ‘ TY | a, b P R and αpvq “ 0u.
If x ‰ y, then px, yq P ∆fΣ . Then, there exists a positive g “ gpx˜, y˜q ą 0 so that
(5.14) Tpx˜,y˜q r∆fY “ RpR, gRq ‘H
where the subspace H is such that dpiΣ|H : H Ñ T∆fΣ induces a linear isomorphism.
Proof. Observe first that if x “ piΣx˜, we have
piΣϕ
t
ZY px˜q “ ϕtZΣpxq.
This gives dpiΣ dϕ
t
ZY
px˜q “ dϕtZΣdpiΣpx˜q. From this, it follows that dϕtZY px˜qR is
a multiple of the Reeb vector field. Observe also that ϕtZΣ and ϕ
t
ZY
are both
orientation-preserving diffeomorphisms for all t. We therefore obtain that if y “
ϕtZΣpxq, ϕtZY induces a diffeomorphism between the fibres pi´1Σ pxq Ñ pi´1Σ pyq. Addi-
tionally, we must have then that dϕtZY px˜qR is a positive multiple of the Reeb vector
field. Let gpx˜, y˜q ą 0 such that dϕtZY px˜qR “ gpx˜, y˜qR.
In general, if y˜ “ ϕtZY px˜q, we have
(5.15) Tpx˜,y˜q r∆fY “ tpv, dϕtZY px˜qv ` cZY py˜qq | v P TxY, c P Ru.
Consider first the case of x “ y. Then, both x˜ and y˜ are in the same fibre of
Y Ñ Σ. By definition of the flow diagonal, there exists t ą 0 so that ϕtZY px˜q “ y˜,
and hence ZY is vertical, ZΣpxq “ 0. It follows that x P CritfΣ . From this, it now
follows that piΣpr∆fY q Ă ∆fΣ Y tpp, pq | p P CritpfΣqu.
We now consider the consequences of Equation (5.15) in this case of x “ y.
Any v P TxY may be written as v0 ` aR where αpv0q “ 0. Furthermore, since
x “ y P CritpfΣq, and by definition, neither x˜ nor y˜ are critical points of fY , we
obtain that ZY py˜q is a non-zero multiple of the Reeb vector field. Equation (5.13)
now follows from the fact that dpiΣϕ
t
ZY
px˜q “ dϕtZΣpxqdpiΣ.
We now consider when x ‰ y. Let H “ tpv, dϕtZY px˜qv ` cZY py˜q |αpvq “ 0u.
Then,
dpiΣpHq “ tpv, dϕtZΣpxqv ` cZΣq | v P TxΣu “ T∆fΣ .
By assumption, y is not a critical point of fΣ, so dpiΣ induces an isomorphism. The
decomposition of T r∆fY now follows immediately from the definition of g and from
Equation (5.15). 
Proof of Proposition 5.41. We consider first the case of
revY : M˚H,k,RˆY ;k´,k` ppA1, . . . , AN q; JY q Ñ Y 2N .
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Suppose that v˜ “ pv˜1, . . . , v˜N q P M˚H,k,RˆY ;k´,k` ppA1, . . . , AN q; JY q. For each
i “ 1, . . . N , let y˜i “ v˜ip´8, 0q P Y and x˜i “ v˜ip`8, 0q P Y , with
y˜1 PW sY pq˜q, x˜N PWuY pp˜q
px˜i, y˜i`1q P r∆fY for 1 ď i ď N ´ 1.
Let wi “ piΣpv˜iq and xi “ piΣpx˜iq, yi “ piΣpy˜iq. Then, it follows that
y1 PW sΣpqq, xN PWuΣppq
pxi, yi`1q P ∆fΣ Y tpp, pq | p P CritpfΣqu for 1 ď i ď N ´ 1.
Let S Ă Σ2N´2 be the appropriate product of a number of copies of ∆fΣ and of
tpp, pq | p P CritpfΣqu. By Proposition 5.35, the evaluation map onMΣppA1, . . . , AN q; JY q
is transverse to S.
Then, by the previous Lemma,
TS Ă dpiΣ
´
Ty˜0W
s
Y pq˜q ˆ Tpx˜1,y˜2q r∆fY ˆ ¨ ¨ ¨ ˆ Tpx˜N´1,y˜N q r∆fY ˆ Tx˜NWuY pp˜q¯ .
It suffices therefore to obtain transversality in the vertical direction. Notice that
by rotating by the action of the Reeb vector field on v˜i, we obtain that the image
of de˜v contains the subspace
tpa1R, a1R, a2R, a2R, . . . , aNR, aNRq | pa1, . . . , aN q P RNu Ă pTY q2N .
In the case of the chain of pearls in Σ, each of the spheres wi, i “ 1, . . . , N must
either be non-constant or have a non-trivial collection of augmentation punctures.
Then, by Lemma 5.43, each punctured cylinder v˜i has different multiplicities k
`
i , k
´
i
at ˘8, and thus the action of rotating the domain marker gives that the image
of de˜vY pv˜iq contains pk´R, k`Rq P Ty˜iY ‘ Tx˜iY . While this holds for each i “
1, . . . , N , we only require such a vector for one cylinder. Then, by taking this in the
case of i “ 1, we see that the following N`1 vertical vectors in pRRq2N Ă TY 2N are
in the image of the linearized evaluation map (the first two obtained by combining
the two Reeb actions on v˜1, the remainder by the Reeb action on v˜i, i ě 2):
pR, 0, 0, . . . , 0q,
p0, R, 0, . . . , 0q,
p0, 0, R,R, 0, 0, . . . , 0q,
p0, 0, 0, 0, R,R, 0, . . . , 0q,
. . .
p0, 0, . . . , 0, R,Rq.
By the previous Lemma, the tangent space Tpx˜i,y˜i`1q r∆fY contains at least the
vertical vector pR, giRq, where gi :“ gpx˜i, y˜i`1q ą 0, for each 1 ď i ď N ´ 1. In the
vertical direction, this then contains the following N ´ 1 vectors:
p0, R, g1R, 0, . . . , 0q,
p0, 0, 0, R, g2R, 0, . . . , 0q
. . .
p0, . . . , 0, R, gN´1R, 0q.
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We now observe that this collection of 2N vectors spans pRRq2N . This establishes
that e˜vY defined on M˚H,k,RˆY ;k´,k` ppA1, . . . , AN q; JY q is transverse to W sY pq˜q ˆr∆NfY ˆWuY pp˜q.
We now consider the case ofrevW,Y : M˚H,k,W ;k` ppB;A1, . . . , AN q; JW q ÑW ˆ Y 2N`1.
We will show this evaluation map is transverse to
S˜ :“WuW pxq ˆ ∆˜ˆ
´
∆˜fY
¯N´1 ˆWuY pp˜q.
As before, it suffices to show transversality in a vertical direction, since, by
Proposition 5.35, the projections to X, Σ are transverse. More precisely, let S Ă
W ˆΣˆΣ2N be of the form S “WuW pxqˆ∆ˆS1ˆWuΣppq, where S1 Ă Σ2N´2 is a
product of some number of ∆fΣ and of tpp, pq | p P CritpfΣqu so that TS Ă TdpiΣpS˜q.
Proposition 5.35 gives transversality of revW,Y to S.
Notice that the tangent space T S˜ contains at least the following vertical vectors
(we put 0 in the first component since TW has no vertical direction):
p0, R,R, 0, 0, . . . , 0q
p0, 0, 0, R, g1R, 0, . . . , 0q
. . .
p0, . . . , 0, R, gN´1R, 0q.
Let pv˜1, v˜1, . . . , v˜N q P M˚H,k,W ;k` . The plane v˜1 converges to a Reeb orbit of
multiplicity l “ B ‚ Σ. Observe that domain rotation on the plane v˜1 then gives
that p0, lR, 0, . . . , 0q P TW ‘ TY ‘ TY 2N is in the image of d revW,Y .
As before, the Reeb rotation on each of the punctured cylinders v˜1, . . . , v˜N gives
that the following vertical vectors are in the image of d revW,Y :
p0, 0, R,R, 0, 0, . . . , 0, 0q
p0, 0, 0, 0, R,R, . . . , 0, 0q
p0, 0, 0, 0, . . . , 0, R,Rq.
We notice then that these vectors span 0‘ pRRq2N´1, so it follows that the evalu-
ation map is transverse to S˜.
Finally, the transversality of the evaluation maps at augmentation punctures
comes from the fact that the augmentation evaluation mapsrevaΣ ˆ evaΣ : M˚H,k,RˆY ;k´,k` ppA1, . . . , AN q; JY q ˆMX˚ppB1, . . . , Bkq; JW q Ñ Σk ˆ ΣkrevaΣ ˆ evaΣ : M˚H,k,W ;k` ppB;A1, . . . , AN q; JW q ˆMX˚ppB1, . . . , Bkq; JW q Ñ Σk ˆ Σk
factor through the evaluation maps
evaˆ eva : M˚k,ΣppA1, . . . , AN q; JΣq ˆMX˚ppB1, . . . , Bkq; JW q Ñ Σ2k and
evaˆ eva : M˚k,pX,ΣqppB;A1, . . . , AN q; JW q ˆMX˚ppB1, . . . , Bkq; JW q Ñ Σ2k.
The required transversality for these maps is given by Proposition 5.35. Further-
more, these evaluation maps are invariant under the domain and Reeb rotations
used to obtain transversality for revY and for revW,Y in the vertical directions, so
the transversality follows immediately. 
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pqk´
qpk`
v˜
Rˆ Y
Figure 6.1. Option (1) in Proposition 6.2, call it Case 1
6. Monotonicity and the differential
The results of the previous section show that the moduli spaces of Floer cylinders
with cascades that project to simple chains of pearls are transverse.
We now impose monotonicity conditions on pX,ωq and on pΣ, ωΣq in order to
show that these moduli spaces are sufficient for the purposes of defining the split
Floer differential. We suppose pX,ωq is spherically monotone, so there exists a
constant τX ą 0 with xc1pTXq, Ay “ τXωpAq for every spherical homology class
A. Also, if we let K ą 0 such that A ‚ Σ “ KωpAq, then we require τX ´K ą 0.
Observe that Σ must be spherically monotone if it has a spherical homology class,
with monotonicity constant τΣ “ τX ´K.
6.1. Index inequalities from monotonicity and transversality. First, we
consider the Fredholm index contributions of a plane in W that could appear as an
augmentation plane, to obtain some bounds on the possible indices.
Lemma 6.1. If v : C Ñ W is a JW holomorphic plane asymptotic to a given
closed Reeb orbit γ in Y , the Fredholm index for the deformations of v (as an
unparameterized curve) keeping γ fixed is |γ|0 and it is non-negative. Furthermore,
if v is multiply covered, this Fredholm index is at least 2.
Proof. The fact that the Fredholm index Indpvq in the statement is given by |γ|0
as in (3.6) can be seen using Theorem 5.18. On the other hand, thinking of v as
giving a JX -holomorphic sphere in homology class B P H2pX;Zq, with an order of
contact B ‚ Σ with Σ, we see that
Indpvq “ 2pxc1pTXq, By ´B ‚ Σ´ 1q “ 2pτXωpBq ´KωpBq ´ 1q.
Since the plane is holomorphic, the class B has ωpBq ą 0. By our monotonicity
assumptions, we have
τXωpBq ´KωpBq “ pτX ´KqωpBq ą 0.
Finally, since τXωpBq “ xc1pTXq, By P Z and KωpBq “ B ‚ Σ P Z, we have that
τXωpBq ´KωpBq ą 0 is an integer, and is thus at least 1.
It therefore follows that Indpvq ě 0.
Suppose now that v is a k-fold cover of an underlying simple holomorphic plane
v0, representing classes B “ kB0 and B0, respectively. Then,
Indpvq ` 2 “ 2pτX ´KqωpkB0q “ kpIndpv0q ` 2q.
Hence, Indpvq ě 2pk ´ 1q. 
Proposition 6.2. Any Floer cascade appearing in the differential, connecting two
periodic orbits in Rˆ Y , must be one of the following configurations:
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pk´
qpk`
v˜
U
Rˆ Y
W
Figure 6.2. Option (2) in Proposition 6.2, call it Case 2
(0) An index 1 gradient trajectory in Y without any (non-constant) holomorphic
components and without any augmentation punctures.
(1) A smooth cylinder in R ˆ Y without any augmentation punctures and a
non-trivial projection to Σ. The positive puncture converges to an orbitqpk` and the negative puncture converges to an orbit pqk´ . The difference in
multiplicites of the orbits is given by k`´k´ “ KωpAq, where A P H2pΣ;Zq
is the homology class represented by the projection of the cylinder to Σ. See
Figure 6.1.
(2) A cylinder with one augmentation puncture and whose projection to Σ is
trivial. The positive puncture converges to an orbit qpk` and the negative
puncture converges to an orbit pqk´ . The augmentation plane has index 0.
If B P H2pX;Zq is the class represented by the augmentation plane, then
the difference in multiplicities is given by k`´k´ “ KωpBq. Furthermore,qp and pq are critical points of fY contained in the same fibre of Y Ñ Σ,
which we can write as q “ p. See Figure 6.2.
Proof. Consider a cascade with N levels and k augmentation planes appearing in
the differential drpk` “ ¨ ¨ ¨`rqk´`¨ ¨ ¨ . Let A1, . . . , AN P H2pΣq denote the homology
classes of the projections to Σ, let B1, . . . , Bk P H2pXq denote the homology classes
corresponding to the augmentation planes. Let γi, i “ 1, . . . , k denote the limits at
the augmentation punctures, and let ki denote their multiplicites. Let A “ řNi“1Ai.
We therefore have k` ´ k´ ´řkj“1 kj “ KωpAq “ K xc1pTΣq,AyτX´K . We also have
kj “ Bj ‚ Σ “ KωpBjq. Notice then that |γi|0 “ 2xc1pTXq, Bjy ´ 2Bj ‚ Σ´ 2.
We therefore have
(6.1)
1 “ |rpk` | ´ |rqk´ |
“ iprpq `Mppq ´ iprqq ´Mpqq ` 2τX ´K
K
pk` ´ k´ ´
kÿ
j“1
kjq ` 2τX ´K
K
kÿ
j“1
kj
“ iprpq `Mppq ´ iprqq ´Mpqq ` 2xc1pTΣq, Ay ` 2k ` kÿ
j“1
|γj |0.
By Lemma 6.1, we have that for each j “ 1, . . . , k, |γj |0 ě 0.
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Consider the chain of pearls in Σ obtained by projecting the upper level of this
split Floer trajectory to Σ. By Proposition 5.26, if this is a simple chain of pearls,
it has Fredholm index
IΣ :“Mppq ` 2xc1pTΣq, Ay ´Mpqq `N ´ 1` 2k.
If the chain of pearls is not simple, by monotonicity, we have that the index is at
least as large as the index of the underlying simple chain of pearls.
Now let N0 be the number of sub-levels that project to constant curves in Σ
and let N1 be the number of sub-levels that project to non-constant curves in Σ,
N “ N0 `N1. Note that by the stability condition, each cylinder that projects to
a constant curve in Σ must have at least one augmentation puncture, so N0 ď k.
By transversality for simple chains of pearls (Proposition 5.26), we obtain the
inequality
IΣ ě 2N1 ` 2k
by considering the 2-dimensional automorphism group for the N1 non-constant
spheres and by considering the 2k-parameter family of moving augmentation marked
points on the domains.
Combining with Equation (6.1), we obtain
1 “ iprpq ´ iprqq ` pIΣ ´N ` 1q ` kÿ
j“1
|γj |0
1 ě piprpq ´ iprqq ` 1q ` 2N1 ` 2k ´N ` kÿ
j“1
|γj |0
1 ě piprpq ´ iprqq ` 1q `N1 ` k ` pk ´N0q ` kÿ
j“1
|γj |0.
Observe now that each term on the right-hand-side of the inequality is non-negative.
In particular, there is at most one augmentation plane (k ď 1) and if there is one,
it must have |γ1|0 “ 2xc1pTXq, B1y ´ 2B1 ‚ Σ´ 2 “ 0 (so the augmentation plane
cannot be multiply covered, by Lemma 6.1).
We can further write
1 ě piprpq ´ iprqq ` 1q `N1 ` k ` pk ´N0q.
Notice that N1 ` 2k ´N0 ě N .
This inequality can be satisfied in one of the following ways:
(0) N “ 0. Then, either iprpq “ iprqq or rp “ pˇ and rq “ qˆ. Since N “ 0, this is a
pure Morse differential term.
(1) N1 “ 1, N0 “ k “ 0 and rp “ qp, rq “ pq. This case corresponds to a
non-constant sphere in Σ without any augmentation punctures.
(2) N1 “ 0, k “ 1, N0 “ 1, and rp “ qp, rq “ pq. In this case, the Floer cylinder has
one augmentation puncture, and projects to a constant in Σ, so q “ p P Σ.

We now consider the possible terms in the differential that connect non-constant
Hamiltonian trajectories in Rˆ Y to Morse critical points in X.
Proposition 6.3. Any Floer cascade appearing in the differential, connecting a
non-constant Hamiltonian orbit p˜k` in R ˆ Y to a Morse critical point x in W ,
54 LUI´S DIOGO AND SAMUEL T. LISI
x
qpk`
v˜1
v˜0
Rˆ Y
W
Figure 6.3. Configuration as in Proposition 6.3, call it Case 3
consists of two levels. The upper level, in R ˆ Y , projects to a point in Σ and
is a cylinder asymptotic at `8 to an orbit qpk` and at ´8 to a Reeb orbit γ in
t´8u ˆ Y . This γ is the parametrized Reeb orbit associated to qpk` .
The lower level is a holomorphic plane in W converging to the parametrized orbit
γ at 8 and with 0 mapping to the descending manifold of the critical point x. As
a parametrized curve, this has Fredholm index 1. See Figure 6.3.
Proof. Suppose such a cascade occurs in the differential, connecting the non-constant
orbit rpk` to the critical point x in the filling W .
Let N be the number of cylinders in R ˆ Y that appear in the split Floer
cylinder. Let Ai P H2pΣq, i “ 1, . . . , N , denote the spherical classes represented
by the projections of these cylinders to Σ. Let A “ řNi“1Ai.
Let k be the number of augmentation planes, and let Bj P H2pXq, j “ 1, . . . , k
be the corresponding spherical homology classes in X. Let γj , j “ 1, . . . , k, be the
corresponding Reeb orbits with multiplicities kj “ Bj ‚ Σ “ KωpBjq.
Let B P H2pXq be the spherical homology class in X represented by the lower
level v0 in W , connecting to the critical point x. Let k´ “ B ‚Σ be the multiplicity
of the orbit to which the plane v converges. As before, we have
k` ´ k´ ´
kÿ
j“1
kj “ KωpAq.
We then have
(6.2)
1 “ |rpk` | ´ |x|
“ iprpq `Mppq ` 1´ 2n`Mpxq ` 2τX ´K
K
˜
k` ´ k´ ´
kÿ
j“1
kj ` k´ `
kÿ
j“1
kj
¸
“ iprpq `Mppq ` 1´ 2n`Mpxq ` 2xc1pTΣq, Ay ` 2xc1pTXq, By ´ 2B ‚ Σ` 2k ` kÿ
j“1
|γj |0
Projecting to Σ, we obtain a chain of pearls with a sphere in X. Let N0 be
the number of constant spheres in Σ and let N1 be the number of non-constant
spheres in Σ, N “ N0 ` N1. Notice that each non-constant sphere in Σ has a
2-parameter family of automorphisms, and each augmentation marked point can
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be moved in a 2-parameter family. Furthermore, the holomorphic sphere v0 also
has a 2-parameter family of automorphisms. By passing to a simple underlying
chain of pearls as necessary, and applying monotonicity and Proposition 5.26 (to
M˚k,pX,ΣqppB;A1, . . . , AN q;x, p, JW q), we obtain
IX :“Mppq ` 2xc1pTΣq, Ay ` 2 pxc1pTXq, By ´B ‚ Σq `Mpxq ´ 2n` 1`N ` 2k
ě 2N1 ` 2k ` 2.
We now combine the inequality with Equation (6.2):
1 “ iprpq ` IX ´N ` kÿ
j“1
|γj |0
1 ě iprpq ` 2N1 ` 2k ` 2´N0 ´N1 ` kÿ
j“1
|γj |0
0 ě iprpq `N1 ` k ` pk ` 1´N0q ` kÿ
j“1
|γj |0.
Notice that we have N0 ď k ` 1 since the first sphere in the chain of pearls with
a sphere in X is allowed to be constant without any marked points. This observa-
tion together with Lemma 6.1 gives that each term on the right-hand-side of the
inequality is non-negative. It follows therefore that each term must vanish: N1 “ 0,
N0 “ 1, k “ 0 and rp “ qp. Notice that the Floer cylinder in R ˆ Y is contained in
a single fibre of R ˆ Y Ñ Σ, so the marker condition coming from qp can be inter-
preted as a marker condition on the holomorphic plane v0 (via the parametrized
Reeb orbit γ in the statement). Without the marker condition, v0 has Fredholm
index 2, and thus with the marker constraint, it has index 1.

Remark 6.4. Similar analysis applied to continuation maps gives that our construc-
tion doesn’t depend on the choices of almost complex structure JY , JW or of the
auxiliary Morse functions and gradient-like vector fields.
In general, B2 “ 0 is obtained through analyzing gluing and considering the
boundary of 1–dimensional moduli spaces. In our situation, if additionally fΣ and
fW are assumed to be lacunary (i.e. have no critical points of consecutive indices),
all contributions to the differential of an orbit qp are either of the form pq or constant
orbits. This automatically gives that B2 “ 0 for split symplectic homology.
Case (2) in Proposition 6.2 allows for the existence of augmented configurations
contributing to the symplectic homology differential. We will now adapt an ar-
gument originally due to Biran and Khanevsky [BK13] to show that if W is a
Weinstein domain (or equivalently, if W is a Weinstein manifold of finite-type),
and Σ has minimal Chern number at least 2, then there can only be rigid aug-
mentation planes if the isotropic skeleton has codimension at most 2 (in particular,
dimRX “ 2n ď 4).
Lemma 6.5. If W is a Weinstein domain with isotropic skeleton of real codimen-
sion at least 3, then X is symplectically aspherical if and only if Σ is.
Furthermore, any symplectic sphere in X is in the image of the inclusion
ı˚ : pi2pΣq Ñ pi2pXq.
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Proof. The trivial direction is that if there exists a spherical class A P pi2pΣq with
ωpAq ą 0, then ı˚A P pi2pXq and still has positive area.
We will now prove that any symplectic sphere in X is in the image of the in-
clusion. Let C Ă W be the isotropic skeleton of W . Notice that by following the
flow of the Liouville vector field on W , we obtain that W zC is symplectomorphic
to a piece of the symplectization p´8, aq ˆ Y . Thus, we have that XzC is an open
subset of a symplectic disk bundle over Σ (the normal bundle to Σ in X). We
denote this bundle’s projection map by pi : XzC Ñ Σ.
Suppose A P pi2pXq is a spherical class with ωpAq ą 0. By hypothesis, the
skeleton C is of codimension at least 3. We may therefore perturb A in a neigh-
bourhood of the skeleton so that it does not intersect the skeleton C. If ι : Σ Ñ X
and j : XzC Ñ X are the inclusion maps, then ωΣ “ ι˚ω and ι ˝ pi is homotopic to
j. This implies that ωXpAq “ ωΣppi˚Aq, and the result follows.

Lemma 6.6. Suppose W is a Weinstein domain with isotropic skeleton of real
codimension at least 3 and Σ has minimal Chern number at least 2. Then, there
do not exist any augmentation planes.
Proof. Recall from Proposition 6.2 that an augmentation plane in the class B must
have index 0, so 0 “ 2pxc1pTXq, By ´ B ‚ Σ ´ 1q. Now, xc1pTXq, By ´ B ‚ Σ “
pτX ´ KqωpBq ě 1. Thus, the augmentation plane can only exist if there is a
spherical class B with pτX ´KqωpBq “ 1.
By applying Lemma 6.5, we have B “ ı˚A, where A P pi2pΣq is a spherical class
in Σ.
Now observe that xc1pTΣq, Ay`xc1pNΣq, Ay “ xc1pTXq, Ay, so we have xc1pTΣq, Ay “
pτX ´ KqωΣpAq. Hence, 1 “ pτX ´ KqωpAq “ xc1pTΣq, Ay. This contradicts the
assumption that the minimal Chern number of Σ is at least 2, so the augmentation
plane cannot exist. 
Remark 6.7. Observe that this lemma applies more generally: if Σ has minimal
Chern number at least 2, then an augmentation plane cannot represent a spherical
class in the image of ı˚ : pi2pΣq Ñ pi2pXq.
Additionally, we have that an augmentation plane cannot have image entirely
contained in ϕpUq. Indeed, any holomorphic sphere contained in ϕpUq will have
index too high to be an augmentation plane: the JX -holomorphic sphere with
image in ϕpUq automatically comes in a 2-parameter family (corresponding to the
C˚ action on the normal bundle to Σ). To make this argument more precise, we
use our index computations. Suppose a sphere in ϕpUq is an augmentation plane.
It then represents a class ı˚A with A P H2pΣq. By the same index argument as
in Lemma 6.6, 1 “ xc1pTΣq, Ay. Since the image is assumed to be in ϕpUq, the
projection of the curve to Σ is JΣ-holomorphic. The index of this projection is
given by ´4 ` 2xc1pTΣq, Ay “ ´2. This must be non-negative, however, since the
projection is JΣ-holomorphic, and represents an indecomposable homology class.
This contradiction then rules this possibility out.
Remark 6.8. The dichotomy between Σ with minimal Chern number equal to 1 and
bigger than 1 is also explored in upcoming joint work of the first named author with
D. Tonkonog, R. Vianna and W. Wu, studying the effect of the Biran circle bundle
construction on superpotentials of monotone Lagrangian submanifolds [DTVW].
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7. Orientations
In order to orient our moduli spaces, we will take the point of view of coherent
orientations, which is implemented in the Morse–Bott setting in [Bou02,BO09b].
Some authors [Zap15,Sch16] have used the alternative approach of canonical ori-
entations. We find it more straightforward to use coherent orientations in our
computations, especially since there are very few choices involved. Notice also that
if one has a canonical orientation scheme, it is possible to extract a coherent ori-
entation from this by making choices of preferred orientations of certain capping
operators.
The geometry of our specific situation allows us to avoid some of the technical
difficulties present in the general Morse–Bott situation. In particular, we have two
key features that make our analysis more straightforward. First of all, we do not
have any “bad” orbits appearing in our setting (recall from Section 3.1 that, if
we take a “constant” trivialization, the Conley–Zehnder index does not depend on
covering multiplicity). For another, the manifolds of orbits are all orientable, and
are even oriented quite naturally by the symplectic/contact structures that exist
on them.
We now recall the general method for obtaining signs in Floer homology, as
first introduced in [FH93] and since generalized. First of all, over the space of all
Fredholm Cauchy–Riemann operators, there is a determinant bundle. A choice of a
section of this bundle then induces an orientation on moduli spaces of holomorphic
curves. This (together with some additional choices in the Morse–Bott situation)
allows us to orient all moduli spaces that occur in Floer homology. On the other
hand, configurations that are counted in the differential have a natural R–action
on them by reparametrization, which also induces an orientation on these moduli
spaces. The sign of such a term in the differential is positive if they agree and
negative if they disagree.
7.1. Orienting the moduli spaces of curves. We now explain the first part of
this method: how to orient the moduli spaces of Floer punctured cylinders, but
without considering their constraints coming from evaluation maps. We begin by
sketching the situation for the non-degenerate case and then discuss the modifica-
tions needed for the Morse–Bott situation.
First, consider all Cauchy–Riemann operators on Hermitian vector bundles over
punctured spheres with fixed trivializations near the punctures E Ñ 9S, as described
in Section 5.2.1. For a given Hermitian vector bundle with fixed trivializations near
the punctures and fixed, non-degenerate, asymptotic operators, the space of all
Cauchy–Riemann operators with these asymptotic operators is contractible. Each
such operator induces a Fredholm operator D : W 1,pp 9S,Eq Ñ Lpp 9S,Λ0,1T˚ 9S b
Eq. There exists a line bundle over this space of Fredholm operators called the
determinant line bundle and its fibre over an operator D is given by
detD “ pΛmax kerDq bR pΛmax cokerDq˚.
(See for instance [Zin16].) An orientation corresponds to a nowhere vanishing con-
tinuous section of this determinant bundle over the space of Cauchy–Riemann
operators (topologized in a way compatible with the discrete topology on the
space of asymptotic operators). We then extend this to the case of Cauchy–
Riemann operators with possibly degenerate asymptotic operators that are Fred-
holm when acting on spaces of sections with exponential weights D : W 1,p,δp 9S,Eq Ñ
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Lp,δp 9S,Λ0,1T˚ 9SbEq by means of the conjugation to an operator Dδ : W 1,pp 9S,Eq Ñ
Lpp 9S,Λ0,1T˚ 9S b Eq given in Definition 5.15.
In the case of non-degenerate operators, an orientation is coherent if it re-
spects the gluing operation on Cauchy–Riemann operators, considered as operators
D : W 1,pp 9S,Eq Ñ Lpp 9S,Λ0,1T˚ 9S b Eq. Indeed, given two such operators
D : W 1,pp 9S,Eq Ñ Lpp 9S,Λ0,1T˚ 9S b Eq
and
D1 : W 1,pp 9S1, E1q Ñ Lpp 9S1,Λ0,1T˚ 9S1 b E1q
that have a matching asymptotic operator at a positive puncture for D and a
negative puncture for D1, we may form a glued surface 9S# 9S1, a glued bundle
E#E1 Ñ 9S# 9S1, and a glued operator
D#D1 : W 1,pp 9S# 9S1, E#E1q Ñ Lpp 9S# 9S1,Λ0,1T˚p 9S# 9S1q b pE#E1qq.
This operator is not unique, but depends on a contractible family of choices, in
particular on a gluing parameter. If the operators D and D1 are both surjective,
this is explicitly constructed by a map kerD‘kerD1 Ñ kerpD#D1q, which we take
to be orientation preserving. After stabilizing operators that are not surjective, we
obtain a map detD b detD1 Ñ detpD#D1q, which we require to be orientation
preserving in a coherent orientation scheme. (See, for instance, [FH93, Section
3] and [BM04].) Thus, an orientation of D and an orientation of D1 induce an
orientation of D#D1.
In our setting, we also require the coherent orientation to have the following two
properties:
‚ the orientation of the direct sum of two operators is the tensor product of
their orientations,
‚ the orientation of a complex linear operator is its canonical orientation.
Finally, we extend this coherent orientation to operators with degenerate asymp-
totics acting on weighted spaces D : W 1,p,δp 9S,Eq Ñ Lp,δp 9S,Λ0,1T˚ 9SbEq by means
of the conjugation to Dδ : W 1,pp 9S,Eq Ñ Lpp 9S,Λ0,1T˚ 9S bEq as in Definition 5.15.
Recall that for fixed δ, this conjugation is not unique, but depends on a contractible
family of choices (of cut-off functions), so the orientation of the determinant bundle
does not depend on the choices.
From [FH93; BM04; EGH00, Section 1.8], a coherent orientation of the deter-
minant bundle over non-degenerate Cauchy–Riemann operators exists and may be
specified by choosing a preferred section of the determinant bundle over certain
capping operators. These are operators whose domain is the once punctured sphere
C (where the puncture is positive), with a trivial Hermitian vector bundle over
them and specified asymptotic operator. In order to achieve the two properties
listed above, it suffices to enforce them on these capping operators since the linear
gluing operation described in [FH93] respects direct sums and complex linearity.
We now describe how we orient capping operators for the relevant asymptotic
operators. By Lemma 5.22, the linearized operator associated to a Floer cylinder v˜
is a compact perturbation of a split operator DCv˜ ‘ 9DΣw, where w “ piΣ ˝ v˜. There is
also a corresponding splitting of the asymptotic operators at the asymptotic limits.
In particular, 9DΣw has complex linear asymptotic operators, and thus is a compact
perturbation of a complex linear Cauchy–Riemann operator. Hence, its orientation
MORSE–BOTT SPLIT SYMPLECTIC HOMOLOGY 59
is induced by the canonical one, and is independent of choice of trivialization or of
capping operator (which may always be taken to be complex linear).
We are left with the task of orienting operators with the same asymptotic oper-
ators as DCv˜ . By Lemma 5.24, if v˜ converges at both ˘8 to a closed Hamiltonian
orbit, with δ ą 0 sufficiently small (see Remark 5.21), the operator
DCv˜ : W
1,p,δ
V0
pRˆ S1,Cq Ñ Lp,δpHom0,1pT pRˆ S1q,Cqq
has Fredholm index 1, is surjective and its kernel contains an element that can be
identified with the Reeb vector field. We may identify the kernel (and cokernel) of
this operator with those of
DCv˜ : W
1,p,´δpRˆ S1,Cq Ñ Lp,´δpHom0,1pT pRˆ S1q,Cqq.
At ˘8, the ´δ-perturbed asymptotic operators (see Definition 5.15) associated
to DCv˜ are
(7.1) A˘ :“ ´
ˆ
J
d
dt
`
ˆ
h2peb˘q eb˘ ˘δ 0
0 ˘δ
˙˙
(The asymptotic operator at a Reeb orbit at ´8 is just ´J ddt and is ´δ perturbed
to give ´pJ ddt ´ δq.)
We now choose capping operators for the A˘, which determines an orientation
of DCv˜ by the coherent orientation scheme.
Lemma 7.1. Let δ ą 0 be sufficiently small. There is a choice of capping operators
with orientations for the asymptotic operators A˘ above, such that the orientation
induced on
DCv˜ : W
1,p,´δpRˆ S1,Cq Ñ Lp,´δpHom0,1pT pRˆ S1q,Cqq
identifies the Reeb vector field as positively oriented. (Recall that we have identified
RBr ‘ RR with C.)
Proof. Recall that for each bk ą 0 satisfying h1pebkq “ k P Z`, we have a Y -
parametric family of 1-periodic Hamiltonian orbits. We can associate to each of
these orbits two operators A˘, as in (7.1). We will define capping operators
Φ˘k : W
1,ppC,Cq Ñ LppHom0,1pT pCq,Cqq
with these asymptotic operators.
We first define two families of auxiliary Fredholm operators. For each k ą 0,
Ψk : W
1,ppRˆ S1,Cq Ñ LppHom0,1pT pRˆ S1q,Cqq
is an operator given by
ΨkpF qpBsq “ Fs ` iFt `
ˆ
apsq ´ δ 0
0 ´δ
˙
F
where the function a : RÑ R is such that limsÑ´8 apsq “ h2peb1qeb1 and limsÑ`8 apsq “
h2pebkqebk . Let now
Ξk : W
1,ppRˆ S1,Cq Ñ LppHom0,1pT pRˆ S1q,Cqq
be an operator given by
ΞkpF qpBsq “ Fs ` iFt `
ˆ
h2pebkqebk ` δpsq 0
0 δpsq
˙
F
where δ : RÑ R is such that limsÑ´8 δpsq “ ´δ ă 0 and limsÑ`8 δpsq “ δ.
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The operators Ψk are isomorphisms (in particular, they are canonically oriented).
This follows from an argument analogous to the proof of Lemma 5.24. A version
of the same argument implies that the operators Ξk are Fredholm of index 1 and
surjective, and that their kernels contain elements that can be identified with the
Reeb vector field.
Now, pick an arbitrary capping operator Φ´1 . Define Φ
´
k for k ą 1 by gluing
Φ´1 #Ψk. Define Φ
`
k for all k ą 0 by gluing Φ´k #Ξk. For these choices of capping
operators, DCv˜ are oriented in the direction of the Reeb flow, as wanted. 
We now analyze how, for δ ą 0 and small, a coherent orientation scheme relates
the orientations ofD : W 1,p,´δp 9S,Cq Ñ L1,p,´δp 9S, T˚ 9SbCq and ofD : W 1,p,δV p 9S,Cq Ñ
L1,p,´δp 9S, T˚ 9S b Cq (where V is the collection of kernels of the asymptotic oper-
ators at the punctures). Recall from Lemma 5.20 that their determinant bundles
are isomorphic.
Lemma 7.2. Let A be a degenerate asymptotic operator, let V be its kernel and
let δ ą 0 be chosen small enough that r´δ, δs X σpAq “ t0u.
Then, the kernel of BBs ´A : W 1,p,´δpRˆ S1,Cnq Ñ Lp,´δpRˆ S1,Cnq consists
of constant maps with values in V .
Proof. The proof follows from expanding L2pS1,Cnq in a Hilbert basis given by
eigenvectors of the asymptotic operator A seen as an elliptic self-adjoint unbounded
operator on L2pS1,Cnq. Then, the kernel of BBs ´A is spanned by solutions of the
form eλs vptq, where vptq is an eigenfunction for the eigenvalue λ. Since we require
exponential growth of rate δ, this forces ´δ ă λ ă δ. The result now follows since
0 is the only such eigenvalue.
We thank Chris Wendl and Richard Siefring for suggesting this argument. See
also [Nic07, Theorem 10.4.19]. 
From this, we are able to revisit Lemma 5.20. A more general result is true, but
we only need this case of the following lemma:
Lemma 7.3. Let D be a Cauchy–Riemann operator on a punctured cylinder 9S “
R ˆ S1zΓ. Fix a puncture z0 P t˘8u. Assume the asymptotic operators at the
punctures in Γ are complex linear.
Let δ and δ1 be vectors of sufficiently small weights so that the differential operator
induces a Fredholm operator on W 1,p,δ and on W 1,p,δ
1
, and δz0 ą 0 and δ1z0 ă 0,
the interval rδ1z0 , δz0s X σpAz0q “ t0u, and for each z P ΓY t˘8u with z ‰ z0, the
weights δz “ δ1z.
Let V be the trivial vector space at each puncture other than z0 and let Vz0 be
the kernel of the asymptotic operator Az0 at z0.
Then, we may identify the determinant bundles of the operators
Dδ : W
1,p,δ
V p 9S,Eq Ñ Lp,δp 9S,Λ0,1T˚ 9S b Eq
Dδ1 : W
1,p,δ1p 9S,Eq Ñ Lp,δ1p 9S,Λ0,1T˚ 9S b Eq
by Lemma 5.20. This choice of orientation of the determinant bundle of Dδ1 then
induces an orientation on
Dδ : W
1,p,δ
V p 9S,Eq Ñ Lp,δp 9S,Λ0,1T˚ 9S b Eq .
Proof. By Lemma 7.2, Vz0 may be identified with the kernel of the Cauchy–Riemann
operator on the cylinder given by Bs ´ Az0 : W 1,p,´δpR ˆ S1,Cnq Ñ Lp,´δpR ˆ
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S1,Cnq. By the coherent orientation, this operator is oriented and hence induces
an orientation on the space of sections Vz0 .
The result now follows by the gluing property of coherent orientations.
In particular, if z0 is a positive puncture, this identifies the determinant bundle
of
Dδ : W
1,p,δ
V p 9S,Eq Ñ Lp,δp 9S,Λ0,1T˚ 9S b Eq
with the tensor product of the determinant bundle of
Dδ : W
1,p,δp 9S,Eq Ñ Lp,δp 9S,Λ0,1T˚ 9S b Eq
with the determinant bundle of the kernel of Az0 . The order is reversed if the
puncture is negative. 
We remark here that our asymptotic operators are either complex linear or have
a kernel that is naturally identified with the Reeb vector field. We have already
verified that our capping operators are oriented in a way that is consistent with
this.
From this, we have now oriented the operators DCv˜ and 9DΣw acting on spaces
of sections free to move in their Morse–Bott families. Since the linearized Floer
operator is a compact perturbation of their direct sum, we get induced orientations
on the transverse moduli spaces of Floer cylinders with punctures.
7.2. Orientations with constraints. We have now explained how to orient all of
the moduli spaces of punctured cylinders with ends free to move in the correspond-
ing Morse–Bott families of orbits. This is not yet sufficient to orient our moduli
spaces of cascades. The additional ingredient necessary is to orient moduli spaces
of holomorphic curves with constraints on their asymptotic evaluation maps, with
the asymptotic evaluation map constrained to lie in stable/unstable manifolds of
critical points of the auxiliary Morse functions, or, in the case of multilevel cascades,
constrained to lie in [flow] diagonals in manifolds of orbits.
Let us begin by stating the convention in [BO09b] for how to orient a fibre sum
(which agrees with [Joy12, Convention 7.2.(b)]).
Definition 7.4. Given linear maps between oriented vector spaces fi : Vi Ñ W ,
i “ 1, 2, such that f1 ´ f2 : V1 ‘ V2 ÑW is surjective, the fibre sum orientation on
V1 ‘fi V2 “ kerpf1 ´ f2q is such that
(1) f1´f2 induces an isomorphism pV1‘V2q{ kerpf1´f2q ÑW which changes
orientations by p´1qdimV2. dimW ,
(2) where a quotient U{V of oriented vector spaces is oriented in such a way
that the isomorphism V ‘ pU{V q Ñ U (associated to a section of the
quotient short exact sequence) preserves orientations.
One key property of this orientation convention for fibre sums is that it is as-
sociative (this property specifies the orientation convention almost uniquely, as
explained in [Joy12, Remark 7.6.iii] and [RB09]; this was pointed out to us by
Maksim Maydanskiy).
To orient our constrained moduli spaces, we follow the point of view in the lit-
erature [Bou02,BO09b,BC09,FOOO09,Sch16]. Specifically, we begin by orienting
moduli spaces of unconstrained Floer cylinders as in the previous section, by the
chosen coherent orientation of Cauchy–Riemann operators with free asymptotics.
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We also fix orientations on all stable and unstable manifolds of the relevant man-
ifolds of orbits (see the next section for more details), as well as on the relevant
diagonals and flow-diagonals. Then, we orient the moduli spaces of Floer cylinders
with cascades by the rule that the asymptotic constraints are obtained as fibre
products over descending and ascending manifolds of the Morse functions in the
manifolds of orbits Yk and W and as fibre products over flow diagonals and diag-
onals in Yk ˆ Yk and in Y ˆ Y . The fiber products are oriented using Definition
7.4. For this scheme to induce a differential, we then need the orientations of the
various boundary components of these moduli spaces of cascades to be consistent.
Observe that in a general Morse–Bott situation, there are additional orientation
difficulties that are not present in our problem. Specifically, [Bou02,BO09b,Sch16]
have to deal with parametric families of asymptotic operators that move in the
space of asymptotic operators of fixed degeneracy. In our problem, the asymptotic
operators of DCv˜ are constant on each Morse–Bott family of orbits, dramatically
simplifying the problem to consider.
We also notice another key feature regarding cascades: suppose that v˜´ and v˜`
are two (punctured) cylinders so the asymptotic limit of v˜´ at `8 matches the
asymptotic limit of v˜` at ´8, as in the center of Figure 7.1. Let x denote the
limit of v˜´ at ´8 and let y denote the limit of v˜` at `8. This configuration can
arise in two ways. It appears in the compactification of the space of cylinders with
negative end in the Morse–Bott family of orbits that includes x and positive end in
the Morse–Bott family of orbits that includes y (right in the figure). It also appears
as the limit of a two level cascade as the length of the finite length flow line goes
to 0 (left in the figure). The key point of a Morse–Bott orientation scheme is that
the orientations should be such that the broken configuration of pv˜´, v˜`q should
appear as an interior point of the moduli space.
We now sketch the key point that is developed in greater detail in [Sch16, Section
8.4] (and in greater generality, and with totally real boundary conditions). The
linearized operator that describes the tangent space to the moduli space of pairs
pv˜´, v˜`q with matching asymptotic v˜´p`8q “ v˜`p´8q P S0 is naturally given by:
Dv˜´ ‘Dv˜` : W 1,p,δp 9S´, E´q ‘∆‘W 1,p,δp 9S`, E`q
ÝÑ Lp,δp 9S´,Λ0,1T˚ 9S´ b E´q ‘ Lp,δp 9S`,Λ0,1T˚ 9S` b E`q
(7.2)
where δ ą 0 imposes exponential decay (for a weight chosen smaller than the
spectral gap, as in Remark 5.21) and where ∆ Ă TS0 ‘ TS0 is the diagonal.
Notice that ∆ is naturally isomorphic to TS0 and can be oriented as the image
of the map x Ñ px, xq. Let A be the (degenerate) asymptotic operator at the
shared orbit1. After the conjugation described in Definition 5.15, we obtain non-
degenerate operators Dˆv˜´ and Dˆv˜` that have asymptotic operators A`δ and A´δ
respectively. If we consider now a δ–perturbed Cauchy–Riemann operator coming
from the linearization at a trivial orbit cylinder, T :“ Bs´A`fpsq, with fpsq “ `δ
near ´8 and fpsq “ ´δ near `8, we obtain an operator with trivial cokernel and
whose kernel is identified with TS0 (by Lemma 7.2). This allows us to identify
the Dv˜´ ‘Dv˜` in (7.2) with the triple pDˆv˜´ , T, Dˆv˜`q. This triple can be glued to
1Technically, to define this requires a trivialization of ξ along this orbit. In our setting the
asymptotic operator is complex linear in the ξ direction, so this choice does not matter.
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v˜´
v˜`
ù
x
y
ø
Figure 7.1. An interior point of the moduli space of cascades.
obtain the linearization of the space of cylinders with one fewer cascade, so this is
naturally oriented as the boundary.
Similarly, by taking the fibre product over the diagonal, we see this as oriented
with the opposite orientation of the boundary of the flow diagonal, which is oriented
as r0,8q ˆ∆. This allows us to conclude that our orientation scheme is coherent
with respect to the additional breakings that appear in the Morse–Bott setting.
7.3. A calculation of signs. Having now explained the general framework of our
orientations, let us now give an explicit description of the signs associated to a
Floer cylinder with cascades contributing to the differential. By Propositions 6.2
and 6.3, there are four types of contributions to the differential, referred to as Cases
0 through 3. We will explain how to determine the signs in each case.
In Case 0, we have gradient flow lines of Morse–Smale pairs pf, Zq on manifolds
of orbits, which can either be pfY , ZY q on Y or p´fW ,´ZW q on W (see Definition
4.4). Let us stipulate the orientation conventions for Morse homology that we will
use. The Morse complex of a Morse–Smale pair pf, Zq on a manifold S is generated
by critical points of f and the differential Bf is such that, given p P Critpfq,
(7.3) Bf ppq “
ÿ
qPCritpfq
indf ppq´indf pqq“1
#
``
W sSpqq XWuS ppq
˘{R˘ q.
In this formula, we use the notation of (3.1) for critical manifolds of Z. Note that
they intersect transversely, by the Morse–Smale assumption.
We need to make sense of the signed count in the formula. We will be interested
in the cases where S is Σ, Y or W , all of which are oriented (by their chosen
symplectic, contact and symplectic forms, respectively). If we fix an orientation on
a critical manifold at a critical point p, then we get an induced orientation on the
other critical manifold, by imposing that the splitting
(7.4) TpW
s
Sppq ‘ TpWuS ppq – TpS
preserves orientations. Pick orientations on all unstable manifolds of Σ and W . For
all p P CritpfΣq, we will assume that the orientations on critical submanifolds of Σ
and Y are such that the restrictions of piΣ : Y Ñ Σ to
(7.5) WuY pqpq ÑWuΣppq and W sY ppq ÑW sΣppq
are orientation-preserving diffeomorphisms.
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If γ : RÑ S is a rigid flow line from q to p (critical points of consecutive indices),
then it induces a diffeomorphism onto its image
γpRq ĂW sSpqq XWuS ppq.
The source R has its usual orientation, corresponding to increasing values of time
in the orbit γ, and the image W sSpqq XWuS ppq is a transverse intersection, and can
be oriented in such a way that the splitting
(7.6) TWuS ppq – T pW sSpqq XWuS ppqq ‘ TWuS pqq
is orientation-preserving (see [Hut02, Equation (2)] for a similar convention). The
flow line γ contributes to #
``
W sSpqq XWuS ppq
˘{R˘ in (7.3) positively iff it preserves
orientations. The Case 0 contribution of a flow line to the symplectic homology
differential is the same as its contribution to the Morse differential.
Let us now consider Case 1, which is more interesting. Recall that such con-
figurations consist of a Floer cylinder without augmentation punctures, together
with two flow lines of ZY at the ends. Suppose that the Floer cylinder converges
to orbits of multiplicities k˘ at ˘8. Such a cylinder is an element of the space
M˚H,0,RˆY ;k´,k`pA; JY q, for some A P H2pΣ;Zq.
Cylinders with cascades that contribute to the differential in Case 1 are elements
of spaces MH˚,1ppqk´ , qpk` ; JW q, for p ‰ q P CritpfΣq (recall the notation in (5.11)).
These spaces are unions of fibre products
(7.7) W sY ppqq ˆev M˚H,0,RˆY ;k´,k`pA; JY q ˆev WuY pqpq
defined with respect to the inclusion maps
W sY ppqq,WuY pqpq Ñ Y
and the evaluation maps from (5.8)
e˜vY : M˚H,0,RˆY ;k´,k`pA; JY q Ñ Y ˆ Y,
for appropriate A P H2pΣ;Zq. Recall the discussion of Case 0 above, which included
a specification of orientations on all critical submanifolds of Y . We use the fibre
sum convention (in Definition 7.4) to orient the fibre product (7.7).
Observe now that if MH˚,1ppqk´ , qpk` ; JW q is one-dimensional, then its tangent
space at every point is generated by the infinitesimal translation in the s-direction
on the domain of the Floer cylinder. This induces an orientation onMH˚,1ppqk´ , qpk` ; JW q.
Comparing this orientation with the one defined above with the fibre sum rule, we
get the sign of such a contribution to the split symplectic homology differential.
We adapt the argument above to associate a sign to a contribution to the dif-
ferential in Case 2. Such cascades are elements of spaces MH˚,1ppk´ , qpk` ; JW q, for
p P CritpfΣq. The analogue of (7.7) is now (using the notation of (5.10)):
(7.8) W sY ppq ˆev `MX˚pB; JW q ˆe˜v M˚H,1,RˆY ;k´,k`p0; JY q˘ˆev WuY pqpq.
Notice that in this case we also need capping operators for augmentation punctures.
The asymptotic operators at such punctures are
A “ ´J d
dt
,
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which are complex linear. We may therefore take (canonically oriented) complex
linear capping operators at these punctures. We can now orient the fibre product
(7.8) using the fibre sum convention. The sign of such a contribution to the differen-
tial is obtained by comparing this orientation with the one induced by s-translation
on the domain of the punctured Floer cylinder in M˚H,1,RˆY ;k´,k`p0; JY q.
Finally, Case 3 Floer cylinders with cascades that contribute to the differential
are elements of MH˚,1px, qpk` ; JW q, which are unions of fibre products
WuW pxq ˆev
´
M˚H,0,W ;k`ppB; 0q; JW q ˆev r∆¯ˆev WuY pqpq.
The relevant evaluation maps are given by factors of e˜vW,Y in (5.9). It will
be useful to write an alternative description of this fibre product. Recall that
M˚H,0,W ;k`ppB, 0q; JW q is a space of pairs pv˜0, v˜1q with the following properties.
The simple JW -holomorphic cylinder v˜0 : Rˆ S1 ÑW has a removable singularity
at ´8, defining a pseudoholomorphic sphere in X in class B P H2pX;Zq, with order
of contact k` “ B ‚ Σ at 8. Denote the space of such cylinders by MH˚pB; JW q.
The Floer cylinder v˜1 : RˆS1 Ñ RˆY converges at `8 to a Hamiltonian orbit of
multiplicity k` and at ´8 to a Reeb orbit of the same multiplicity in t´8uˆY . It
projects to a constant in Σ. Denote the space of such cylinders by M˚H,k`p0; JY q.
We have evaluation maps
pev1´, ev1`q : MH˚pB; JW q ÑWˆY and pev2´, ev2`q : M˚H,k`p0; JY q Ñ Y ˆY
and can write
M˚H,0,W ;k`ppB, 0q; JW q “MH˚pB; JW q ˆM˚H,k`p0; JY q
and
M˚H,0,W ;k`ppB, 0q; JW q ˆev r∆ “MH˚pB; JW q ev1` ˆ ev2´M˚H,k`p0; JY q.
We now rewrite the Case 3 contributions to the differential as
(7.9) WuW pxq ˆev1´
´
MH˚pB; JW q ev1` ˆ ev2´M
˚
H,k`p0; JY q
¯
ˆev2` WuY pqpq,
which is oriented using coherent orientations on the spaces of cylinders and the
fibre sum orientation convention.
The space MH˚pB; JW q ev1` ˆ ev2´M
˚
H,k`p0; JY q has an action of R1 ˆ R2, where
the 1-dimensional real vector space R1 acts by s-translation on the domain of the
cylinder in W and R2 acts by s-translation on the domain of the cylinder in RˆY .
The sign of a Case 3 contribution to the differential is obtained by comparing the
coherent/fibre product orientation on (7.9) with the usual orientation on R1 ˆ R2,
corresponding to s-translation on the domain of v˜0 followed by s-translation on the
domain of v˜1.
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